
Arc length
This lesson engages students in recalling and applying the circle concepts of circumference and arc length through ring size charts and jewellery design scenarios.
Learning intentions
To know how to substitute numbers into a formula.
To be able to calculate the circumference and arc length of a circle.
Success criteria
I can name parts of a circle.
I can explain what each variable means in the arc length formula.
I can calculate arc length given an angle and the radius.
I can explain how to modify a formula to calculate different parts of a circle.
Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
selects and applies algebraic techniques to solve problems involving equations and formulas MST-11-01
solves problems involving measurement in practical contexts MST-11-05
Associated numeracy outcomes
A student:
recognises and applies functional numeracy concepts in practical situations, including personal and community, workplace and employment, and education and training contexts N6-1.1
applies numerical reasoning and mathematical thinking to clarify, efficiently solve and communicate solutions to problems N6-1.2
determines whether an estimate or an answer is reasonable in the context of a problem, evaluates results and communicates conclusions N6-1.3
chooses and applies appropriate operations with whole numbers, familiar fractions and decimals, percentages, rates and ratios to analyse and solve everyday problems N6-2.1
chooses and applies efficient strategies to analyse and solve everyday problems involving metric relationships, distance and length, area, volume, time, mass, capacity and temperature N6-2.2
chooses and applies appropriate numeracy operations and techniques to analyse and resolve everyday situations N6-2.6
Numeracy Stage 6 (CEC) Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2021.


Content
Formulas and equations
Substitute numbers into linear and non-linear algebraic expressions, equations and formulas
Evaluate the subject of a formula, given the value of other pronumerals in the formula
Apply given formulas to solve problems in a variety of contexts
Applications of measurement
Perimeter, area and volume
Solve practical problems requiring the calculation of perimeters and areas of triangles, rectangles, parallelograms, trapeziums, circles, sectors of circles and composite shapes in a variety of contexts
Mathematics Standard 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students use slides 4–5 of the PowerPoint Arc length to play a game of bingo that focuses on the terminology of parts of a circle.
	Mini whiteboards
	Students review the terminology required for this lesson.

	Activating prior knowledge
	Teachers show a ring size chart (bit.ly/ringsize-chart) and ask students what type of data we are collecting when asking everyone for their ring sizes. Students discuss what the numbers on the ring size chart represent and what calculations would be required to measure ring size. As students revise circle formulas, they cross-reference them with the Mathematics Standard 1 and 2 – HSC reference sheet and determine how that document can be used to assist them. Students then find their ring sizes using Appendix A and discuss the strategies they used to find them.
	Think-Pair-Share
Mini whiteboards
Pose-Pause-Pounce-Bounce
	Students review the circumference formula, recognise it as a component of the arc length formula on the reference sheet and complete calculations. Students then discuss which problem solving strategy is best suited to find their ring size, developing skills in Working mathematically.

	Connecting learning
	Use slide 7 of the PowerPoint to show a choker necklace and discuss what information is needed to find the length of metal to make it. Students calculate arc length by animating the slide to show the measurements.
	Pose-Pause-Pounce-Bounce
Mini whiteboards
	Students review calculating arc length and what measurements are needed to do the calculation.

	Releasing responsibility
	Students discuss how they would determine the gap in necklaces before using slides 9–10 for worked examples on calculating the unknown value of a formula, given the value of other pronumerals in the formula. Students then find the missing measurements of 4 celebrities using slide 11 before writing a jeweller’s guide (Appendix B) on how they would find missing measurements.
	Worked examples (Your turn)
Visibly random groups
Vertical non-permanent surfaces
Pose-Pause-Pounce-Bounce
	Students are explicitly shown how to solve equations after substituting into formulas then apply it to a problem involving multiple steps. Then they develop their mathematical communication by writing their notes for a given context.

	Independent practice
	Students attempt the problem on slide 13 and/or the unfamiliar problems in Appendix C.
	Visibly random groups
Vertical non-permanent surfaces
Pose-Pause-Pounce-Bounce
	Students apply their knowledge and skills to other problems.



Activity structure
Please use the associated PowerPoint Arc length to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint and ask students to create a bingo game card on mini whiteboards (bit.ly/miniwhiteboards) by selecting 9 different words to complete a 3 by 3 grid. An example card has been provided on the slide.
Use slide 5 of the PowerPoint to run the game of bingo. To play the game, select a box on the slide and reveal a diagram representing part of a circle. Repeat this process until the first student completes a column, row or diagonal.
For this lesson, it is advised that students see the terms ‘diameter’ (box 2), ‘radius’ (box 9), ‘circumference’ (box 1) and ‘arc’ (box 12). If the game finishes prior to diagrams of each of these terms being revealed, continue the game until they have all been revealed.
You can choose the boxes being revealed or randomly ask students to choose the boxes.
Note: once the bingo game has been completed, you will need to manually transition to the next slide by using the forward slide button while in Slide Show mode.
Activating prior knowledge
1. Display the Shiel’s ‘Men’s Ring Size Chart (Australia)’ from the website ‘Ring Size Chart - Find Your Ring Size In Letters’ (bit.ly/ringsize-chart).
Using a Think-Pair-Share (bit.ly/thinkpairsharestrategy) ask students: ‘If we collected the ring sizes of everyone in the classroom, what type of data variables are we collecting?’ Ask students to justify their reasoning.


Students may classify the data as categorical ordinal if using the letters for sizes. Students may also say they are numerical continuous when referring to the diameter listed.
Students should be familiar with classifying data variables from Lesson 2 – designing questions of Unit 1 – getting healthy.
Ask randomly selected students what the values on the chart relate to.
Students should recognise that the numbers on the chart are the diameter of the ring, as they are too large to be the radius and too small to be the circumference. The teacher could compare the measurement to their finger to help students to visualise the measurements.
In a Think-Pair-Share ask students:
If you were to buy a ring online, is there enough information on this chart to know what ring size you might be, why or why not?
How would you find the ring size, which is given as a diameter, from the circumference of your finger?
Students should recognise that you would need the size around your own finger to determine your ring size, which relates to the length around the inside of the ring, which is the circumference of a circle. The ring chart only shows the diameter.
This activity is formative assessment for students to recall how to calculate circumference from the Stage 4 Length outcome MA4-LEN-C-01.
Have students review their copy of the Mathematics Standard 1 and 2 – HSC reference sheet.
Ask students to identify where the formula for circumference is on their reference sheet.
The reference sheet only includes the formula for arc length. Students should be familiar with arc length from the Stage 4 Length outcome MA4-LEN-C-01.
State to students that there is only the formula for arc length on the reference sheet, if this was not identified by a student in step 6. Ask students to identify:
what each of the variables represents in the arc length formula
what size  would be when calculating the circumference of a circle.
The  stands for arc length,  is the size of the central angle of the circle, which is the angle formed at the centre of the circle by the 2 radii that define the arc, and  is the length of the radius.
Ask students to use the formula to calculate the circumference of a size A ring on mini whiteboards.
This activity is used as formative assessment of students’ ability to calculate the circumference of a circle. Students studied circumference in the Stage 4 Length outcome MA4-LEN-C-01. If students need more consolidation, it is advised to use activities from Lesson 1 – diameter and circumference and Lesson 3 – circumference formulas of Stage 4 Unit 15 – exploring circles, before moving on to further activities in this lesson.
Distribute Appendix A ‘Ring size’ to each student and ask them to estimate which ring size would be the right size for their fingers on their left hand and complete the column ‘Estimated ring size’.
Ask random students to share some of their estimated ring sizes with the class, stating why they believe that would be the right size.
Distribute some string and a ruler to each pair of students and ask them to measure around each of their fingers on their left hand using the string to complete the ‘Length around finger’ column of Appendix A.
Students could use strips of paper rather than string to measure around their fingers.
Ask students to justify their ring sizes using:
the diameter of the ring sizes from the men’s ring chart
the length around their finger as the circumference.
It is suggested that the teacher change their display to Shiel’s ‘Men’s Ring Size Chart (Australia)’ from the website ‘Ring Size Chart - Find Your Ring Size In Letters’ (bit.ly/ringsize-chart) from the beginning of the lesson.
Note: women’s ring sizes are still the diameters on the men’s ring chart but they usually fall into the following categories: small: I to M, medium: N to Q and large: R to U.
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to ask students how they found their ring sizes.
Students may have calculated the ring size by finding the circumference given the diameter on the ring chart and selecting the size that is the next greater than their measured length. Alternatively, students may have calculated the diameter needed for their measured length and selected the next larger diameter from the ring chart.
Have the other student in the pair confirm the ring size using another method.
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss with students what the best ring sizes could be for their fingers. Some suggested prompts include:
Would it be best to work from the ring sizes or the length around your finger? Why or why not?
Would you ever find a length around a finger that would match the diameter of a ring size perfectly? Why or why not?
Students may suggest using the ring sizes as they are set values that don’t change. Students may also suggest errors that may arise in measurements, whether they be from the measuring tool or rounding when performing calculations.
Connecting learning
1. Inform students that they will now apply their knowledge to necklaces. Display the following image on slide 7 of the PowerPoint and use the Pose-Pause-Pounce-Bounce questioning strategy to pose the question, ‘What information do we need to calculate the length of this necklace?’
Figure 1: choker necklace
[image: A solid choker necklace.]
Some suggested prompts include:
How do we find the length of the necklace when it’s not a full circle?
Can the HSC reference sheet help us?
Students should recognise that to find the arc length, they need the angle at the centre of the circle, formed by the 2 radii that connect the centre to the ends of the arc.
Click to animate the slide to show the size of the radius and the angle. On their mini whiteboards, ask students to calculate the arc length given the formula on the reference sheet.
Students should obtain the following solution:

Students should be familiar with calculating arc length from Stage 4 Length outcome 
MA4-LEN-C-01. If students need more consolidation, it is advised to use activities from Lesson 4 – arc length of Stage 4 Unit 15 – exploring circles, before moving on to further activities in this lesson.
Releasing responsibility
1. Start a class discussion about how students would determine the size of the gap needed in these types of necklaces.
Students may suggest that the gap needs to be slightly smaller than the width of the neck so you can slide it on and it does not fall off.
Use slides 9–10 from the PowerPoint to model how to calculate the unknown value in a formula, using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Click to animate self-explanation prompts and solutions.
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy). State to students that a jewellery designer was given the measurements for 4 celebrities, but each was missing information. These measurements can be found on slide 11 of the PowerPoint. Ask students to calculate the missing information.
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss how they approached finding the missing measurements. Suggested prompts include:
If you have the circumference of the neck, do you need the diameter? Why or why not?
What are the minimum number of measurements needed to find the others?
How could we calculate the missing angle? Was there more than one way?
Students should conclude that if you have a minimum of 2 of the provided measurements (besides the circumference and diameter), you can calculate the missing values.
In their groups of 3, students are required to write a specifications guide for jewellers to follow when given certain measurements for different jewellery pieces using Appendix B ‘Jeweller’s guide’. This appendix requires students to define terms and variables and explain how to calculate:
the total length of material needed (circumference or arc length)
the angle measured from the centre to ensure the right sized gap
the radius of the size of the ring or necklace to select the correct moulding.
Students are required to retain a copy of this guide for their notes, and it is suggested that students provide an example when calculating required measurements.
Independent practice
1. Assign students to new visibly random groups of 3 at vertical non-permanent surfaces.
Display slide 13 of the PowerPoint, which displays the following instructions.
Consider the following sector. Find the arc length of this sector.
Use this arc length to find the angle of another sector with the same arc length but a different radius.
Find 2 different sectors, one with an acute angle and one with a reflex angle.
Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss strategies used to attempt to find a solution to the problem.
Continuing in their visibly random groups of 3 on vertical non-permanent surfaces, distribute Appendix C ‘Unfamiliar problems’ for groups to complete.
For groups with differing answers to problems, pair them together and state ‘At least one of you is incorrect’.
Students calculate the perimeter using the arc length of composite shapes in Lesson 3 – Pythagoras’ theorem.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Students who are visually impaired may benefit from the diagrams being printed and lifted so they can feel the diagrams.
Students may benefit from interleaving other geometrical terms used in the unit.
Activating prior knowledge
Students who are building their confidence solving problems involving circumference and arc length may benefit from activities from Stage 4 Unit 15 – exploring circles.
Enable students by scaffolding the activity when finding their ring sizes by specifying the method to solve.
Students can be challenged to justify where they would put a ring size between the ones provided, using calculations.
Connecting learning
Challenge students to find the missing measurements on slide 8 of the PowerPoint in a variety of ways, explaining their reasoning.
Students can explore how the angle or radius changes the arc length to provide more depth in their jeweller’s guide for the ‘Releasing responsibility’ section of this lesson.
Releasing responsibility
Students may benefit from definitions being provided for them to match to the right position in the table in Appendix B.
Independent practice
Students could be given a specified radius or arc length to create an arc closest to the one provided.
Students could apply their strategy to another arc to see if it applies to all arcs to develop their problem-solving abilities.
Students could complete further questions from Don Steward’s blog post ‘arc length and sector area’ from his website ‘median’ (bit.ly/arc-length-sector-area), which also involves right-angled trigonometry.


Suggested opportunities for assessment
Retrieval practice
Students’ knowledge of parts of a circle is tested in the bingo activity. If they are unsure, this provides an opportunity to remind students of these terms.
Activating prior knowledge
Students show their understanding of classifying data in the Think-Pair-Share activity.
Students show their understanding of what measurements are required to calculate circumference and how to calculate it in prompts in the section.
Students show their understanding of mathematical symbols when identifying what each variable means in the arc length formula.
Prompts and activities in this section show if students can calculate the circumference of a circle given the diameter and the diameter of a circle given its circumference.
Connecting learning
Review students’ mini whiteboards for their ability to substitute values into the arc length formula and evaluate it.
Releasing responsibility
Review students’ responses to self-explanation prompts and Your turn solutions to assess their understanding and reasoning towards solving equations to find the value of a pronumeral.
Review students’ responses on their vertical non-permanent surfaces to the celebrities’ measurements on slide 8 of the PowerPoint to show their ability to evaluate the subject of a formula, given the value of the other pronumerals.
Review Appendix B for student understanding of calculating circumference and arc length.
Independent practice
Ask students how they approached the slide 13 problem to see evidence of their skills in Working mathematically.
Review student responses to Appendix C to see their ability to solve problems requiring the calculation of perimeters.


[bookmark: _Appendix_A]Appendix A
Ring size
	Finger
	Estimated ring size
	Length around finger (mm)
	Suggested ring size calculations

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	




[bookmark: _Appendix_B]Appendix B
Jeweller’s guide
Purpose: create a guide for a jeweller so they can determine the exact material length, gap angle and radius needed to create solid rings, bangles or rigid necklaces.
Arc length formula

Key terms and variables
	Term
	Symbol
	Definition

	
	
	

	Diameter
	
	

	Circumference
	
	

	Central angle
	
	

	
	
	





Material length
	Situation
	Sketch of jewellery
	Formula to be used
	Example calculation

	How to find the length of material needed for a full circle, given the radius or diameter.
	
	
	

	How to find the length of material needed for an arc, given the radius or diameter.
	
	
	




Gap angle
	Situation
	Sketch of jewellery
	Formula to be used
	Example calculation

	How to find the angle when given the circumference and arc length (gap in the jewellery).
	
	
	

	How to find the angle when given the arc length (gap in the jewellery) and its radius.
	
	
	




Radius
	Situation
	Sketch of jewellery
	Formula to be used
	Example calculation

	How to find the length of the radius when given the circumference.
	
	
	

	How to find the length of the radius when given an arc length and its angle.
	
	
	





[bookmark: _Appendix_C]Appendix C
Unfamiliar problems
The following questions have been sourced from Don Steward’s blog post ‘arc length and sector area’ from his website ‘median’ (bit.ly/arclength-problems).
1. The arc EF is to have a length of 50 cm. What is the central angle?
[image: An arc with unknown central angle and radius 15 cm.]
The radius of the London Eye is 60 m. There are 32 equally spaced capsules. How far is it between 2 adjacent capsules? Calculate this using 2 different methods.
In a  discus throwing area, what is the difference in the arc lengths for 60 m and 70 m arcs?
[image: A sector with central angle 40 degrees and radii going out to 60 m and 70 m.]
What is the perimeter of the shape if AB is the diameter of the larger circle, which has a length of 20 cm?
[image: A dotted vertical line AB with a point in the centre. A semi circle on the right connecting A and B, then another to B and the centre on the right and one connecting the middle and A on the left of the line forming a shape similar to one part of a ying yang symbol.]
The length of a side of the equilateral triangle is 8 cm. What is the total distance around the 3 arcs, where the centres of each circle that corresponds to the arc are the opposite corner of the triangle?
[image: A triangle with corners connected by arcs, with their centre the opposite corner in the triangle.]

Sample solutions
Slide 8 of the PowerPoint – celebrity measurements
	Measurements
	Neck circumference
	Neck radius
	Opening angle ()
	Choker arc length

	Celebrity 1
	32
	
	45
	

	Celebrity 2
	
	
	40
	30.3

	Celebrity 3
	36
	
	30
	


	Celebrity 4
	38
	
	
	34.3




Appendix B – jeweller’s guide
Key terms and variables
	Term
	Symbol
	Definition

	Radius
	
	Distance from the centre of the circle to the outer edge (circumference).

	Diameter
	
	Distance across the circle through its centre: .

	Circumference
	
	Total distance around the full circle: .

	Central angle
	
	Angle (in degrees) measured at the centre of the circle that defines the arc length.

	Arc length
	
	The length of a part of a circle’s circumference.




Independent practice problem – slide 13 of the PowerPoint
Arc length:

Acute angle
Let’s pick  cm:


Acute example: Radius 15 cm, angle 61°.
Reflex angle
Let’s pick 


Reflex example: Radius 5 cm, angle 184°.


Appendix C – unfamiliar problems
1. 
1. London Eye 
	Method 1
	Method 2

	
Distance is around 11.78 m.
	

Distance is around 11.78 m


1. Shorter arc:

Longer arc:

Difference is  m


1. Largest semicircle:
Smaller semicircles:

Total perimeter:

1. 
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