
Further proofs
Students will deepen their understanding of binomial expansions and develop their ability to prove identities involving binomial coefficients by substituting values, comparing coefficients or applying a combinatorial argument.
Learning intention
To be able to apply identities involving binomial coefficients to solve problems related to the binomial theorem.
Success criteria
I can interpret and rewrite expressions using sigma notation and binomial expansions.
I can prove algebraic identities and evaluate binomial sums using substitution, expansion and coefficient reasoning.
I can rearrange and simplify binomial expansions to prove the equivalence of coefficients.
I can provide both an algebraic proof and a combinatorial argument for the identity
nCr  n-1Cr-1 n-1Cr.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses the binomial theorem to solve problems and prove identities ME1-11-05
Content
The binomial theorem
Prove identities involving binomial coefficients in binomial expansions by substituting values, comparing coefficients or applying a combinatorial argument to a specified context
Apply given or proven identities involving binomial coefficients to prove further identities, without the use of calculus
Permutations and combinations
Prove nCr  n-1Cr-1 + n-1Cr for algebraically and using combinatorial arguments
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students answer the questions on slide 4 of the PowerPoint Further proofs.
	Think-Pair-Share
	Develop students’ fluency with factorial notation, rewriting expressions and creating common denominators.

	Activating prior knowledge
	Use slide 6 for students to prove and explain the identities nC0 , nCn  and nCr = nCn-r algebraically and using combinatorial arguments.
	Think-Pair-Share
	Students recall useful identities to be used in further proofs and how to formulate combinatorial arguments.

	Connecting learning
	Use slides 8–9 to present nCr  n-1Cr-1  n-1Cr visually and using factorial notation. Students verify the factorial notation by substitution. Guide students using slides 10–12 to record an algebraic proof (Appendix A optional). Model a choice scenario that demonstrates the identity for students to record a combinatoric proof.
Use slide 13 and prompting questions to scaffold student thinking and understanding about 2 similar questions. Students answer each question and share with another group. Reveal the worked solutions on slide 14 for students to discuss the similarities and differences between the 2 solutions.
	Think-Pair-Share
Notice and wonder
Visibly random groups of 3
Vertical non-permanent surfaces
	Prove nCr  n-1Cr-1 + n-1Cr both algebraically and using combinatorial argument. 
Two similar questions are used that both require substitution, one using sigma notation and one presented as a binomial expansion. The focus is on interpreting what the question is asking to determine how to answer each question, ensuring students are familiar with both notations and provide an opportunity to unpack the required skills and possible misconceptions.

	Releasing responsibility
	Use the questions, prompts and solutions on slides 16–21 to discuss and explain the steps required to understand and answer various questions involving expansion, substitution or comparing coefficients.
	Self-explanation prompts
Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Students consider and explain steps in solutions for a variety of identities and proofs with a focus on identifying the correct approach, substitution and reasoning.

	Independent practice
	Students complete one question set from Appendix B, then form a pair with a student who completed the other question set to explain their answers to each other. Students provide peer feedback.
	TAG (Tell, Ask, Give) peer feedback
	The questions contain proofs that require the application of combinatoric identities, substituting and comparing coefficients.



Activity structure
Please use the associated PowerPoint Further proofs to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint, which shows 5 questions to practise manipulating factorials. 
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy) have students work through the questions, discussing their answers and reasoning. 
The purpose of this activity is to develop students’ fluency with factorial notation, rewriting expressions and creating common denominators. These are essential algebraic skills needed to complete proofs within this lesson. 
Activating prior knowledge
1. Explain to students that they will be revisiting the identities nC0 , nCn  and nCr = nCn-r. They will prove these algebraically and interpret what each identity means in the context of selecting items.
Bring to students’ attention where they can find the formula nCr  , on the NESA Mathematics Extension 1 – HSC reference sheet. 
2. Display slide 6, which shows the 3 identities, and have students prove each identity using the formula nCr   in pairs.
Click to animate the solutions. 
3. In a Think-Pair-Share have students determine a specific example that could be used to explain why each of the 3 identities are true.
Identity 1: nC0 . Choosing 0 items from a set of  means selecting nothing. There is only one way to do this, which is to choose the empty set.
Identity 2: nCn . Choosing all  items from a set of  means selecting everything available. There is only one way to do this, which is to choose the entire set. 
Identity 3: nCr nCn-r. Choosing  items from a set of  is equivalent to leaving out  items. In other words, the number of ways to choose  items is the same as the number of ways to choose which  items are not selected. This represents complementary choices.
Connecting learning
1. [bookmark: _Hlk205911577]Use slide 8 of the PowerPoint to recall the identity nCr  n-1Cr-1  n-1Cr as a description of the pattern observed in Pascal’s triangle.
This identity was confirmed in Lesson 02 – combinatorial patterns.
Display slide 9 and use a Think-Pair-Share to discuss the prompts to guide students to transform the identity from combination notation to factorial notation.
Click to animate the slide. Ask students to prove the example 5C2  4C1  4C2 by substituting values into the factorial notation representation.
In pairs, ask students to verify the identity by substituting at least 2 more sets of specific examples from Pascal’s triangle into the factorial notation representation.
Distribute Appendix A ‘Proving Pascal’s identity’ to each student, or have students copy the table into their workbook.
Use slides 10–12 and the prompts to guide students to prove the identity algebraically. Have students record the algebraic proof in Appendix A or in their workbooks.
In a Think-Pair-Share ask students to discuss a possible combinatorial argument that could be used to explain why 5C2  4C1  4C2.
Model a choice scenario using students from the class to explain a combinatorial argument to prove 5C2  4C1  4C2.
· Have 5 students stand at the front of the room. Alternatively, if the class size is small, model the identity using mini figures.
· Tell students that you will be picking a team of 2 players from a group of 5 students. Ask students to write this using combination notation: 5C2.
· Pick one student to stand away from the other 4. Label this student as ‘Student A’ and tell the class that Student A is a ‘special case’ because they might be in the team or not.
· Case 1 – student A is in the team. Now, you need to choose one more player from the remaining 4 students. Ask students to write this using combination notation: 4C1.
· Case 2 – student A is not in the team. Now, you need to choose the 2 players from the remaining 4 students. Ask students to write this using combination notation: 4C2.
In a Think-Pair-Share ask students to explain how this scenario modelling the example of 5C2  4C1  4C2 demonstrates the identity nCr  n-1Cr-1  n-1Cr. 
The total number of ways to choose  items from  is the sum of the 2 cases.
Have students record this, or a similar, combinatorial argument in Appendix A or in their workbook.
Explain to students that they are now going to explore how the identities examined so far, as well as other similar identities involving binomial coefficients, can be used to make sense of patterns that arise in binomial expansions. 
The next activities engage students to apply what they know about binomial coefficients and combinations to prove new identities by recognising patterns and making strategic substitutions.
1. Display the following questions using slide 13 and ask students to consider what they notice and wonder (bit.ly/noticewonderstrategy) about the similarities and differences between the 2 questions. 
Question 1: If  show that .
Question 2: Given that , prove that 
.
The purpose of comparing these questions is to draw out 2 different ways of being asked something similar, make both notations familiar and provide an opportunity to unpack the required skills and possible misconceptions.
1. Use prompting questions to scaffold student thinking and understanding about the 2 questions, in particular what each question is asking and how to answer each question. Some suggested prompts are:
How does each question link to the binomial theorem?
What is each question asking? 
How similar or different are the 2 questions?
How would you answer each question?
1. By working in visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy), ask students to write a solution for each question.
If necessary, print slide 13 for students to have a copy of the questions in front of them.
1. After some time, have pairs of groups share the approaches taken before revealing the worked solutions on slide 14.
1. Initiate a class discussion about the similarities and differences between the 2 solution methods.
Both questions require substitution of a value. The value to be substituted can be observed from what is given in the question.
Question 1 is written using sigma notation and the general term, while question 2 is written as a binomial expansion.
[bookmark: _Hlk205993918]Releasing responsibility
1. Display the following question on slide 16 of the PowerPoint with a self-explanation prompt. 
[bookmark: _Hlk205993682]Prove the sum of the coefficients in the expansion of  is equal to .
Ask students to answer the prompt on slide 16 using a Think-Pair-Share. 
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) to initiate a class discussion to unpack and explain the steps required to understand and answer the question.
Encourage students to draw on the success criteria as they consider solution steps. 
Steps could include expanding  using the binomial theorem, substituting a value (), simplifying and rearranging the coefficients in the expansion.
Click to animate slide 16 to reveal the worked solution and a self-explanation prompt. Ask students to answer the prompt using a Think-Pair-Share.
Display the following question on slide 17 with a self-explanation prompt. Ask students to answer the prompt using a Think-Pair-Share.
[bookmark: _Hlk205993821]If  show that .
Use the Pose-Pause-Pounce-Bounce questioning strategy to initiate a class discussion to unpack and explain the steps required to understand and answer the question. Encourage students to justify why certain substitutions or expansions are chosen.
Steps could include substituting a value (), simplifying and rearranging both sides. Alternatively, expanding  using the binomial theorem, substituting a value (), simplifying and rearranging the coefficients in the expansion, converting the expanded form back into sigma notation.
Click to animate slide 17 to reveal the worked solution and a self-explanation prompt. Ask students to answer the prompt using a Think-Pair-Share.
Display the following question on slide 18 with a self-explanation prompt. Repeat the process of students answering the prompt using a Think-Pair-Share, followed by a class discussion using the Pose-Pause-Pounce-Bounce questioning strategy to unpack solution steps.
[bookmark: _Hlk205993697]If  show that .
Steps could include expanding  using the binomial theorem, substituting a value (), simplifying and rearranging the coefficients in the expansion including subtracting  from both sides, converting the expanded form back into sigma notation, noting that it is from .
Click to animate slide 18 to reveal the worked solution and a self-explanation prompt. Ask students to answer the prompt using a Think-Pair-Share.
Display slide 19 which shows a fourth question and prompt. Again, repeat the Think-Pair-Share and class discussion.
By expanding both sides of the identity , prove that 
.
Steps could include expanding each power of binomial separately, recognising that the question is asking for coefficients of , multiplying appropriate terms from the right-hand side, equating coefficients on both sides.
Use slides 20–21 to reveal the worked solution and self-explanation prompts. Ask students to answer the prompts using a Think-Pair-Share.
Independent practice 
1. Distribute Appendix B ‘Further proof questions’ to students so that half the students have Question Set A and the other half have Question Set B.
[bookmark: _Hlk205910864]Each question set contains 2 questions from the previous section of this lesson plus 3 additional, similar questions. Questions 4 and 5 are the same in both sets so students can compare approaches.
1. Students individually complete either Question Set A or Question Set B, showing full working out.
1. Have students form pairs to explain their answers for each question to their partner. Each pair should contain a student with Question Set A and a student with Question Set B.
1. Students are to provide peer feedback on their partner’s work, using the TAG (Tell, Ask, Give) model (bit.ly/DLSpeerfeedback), focusing on process, strategies and any errors.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Students could be provided with a structured template to record their examples and explanations using combination scenarios to help organise their thoughts.
Connecting learning
For the identity nCr  n-1Cr-1  n-1Cr, challenge students to consider the edge cases by asking questions such as: ‘What happens when  or ?’ or ‘Why does the identity still hold true for the edge values (1s) in Pascal’s triangle?’
Use the prompting questions to guide students through their thought processes. For students who may need more support, provide additional hints or structured steps that can help them navigate the questions more effectively.
Releasing responsibility 
Provide sentence starters or templates for students who need support explaining the steps required to understand and answer the questions. 
Self-explanation prompts can be tailored to provide the appropriate level of challenge. 
Independent practice
Offer worked examples or partially scaffold the questions for students needing more support. 
Prior to peer feedback being provided, a marking criteria could be unpacked to show students that they can achieve marks even if they are not able to complete the question fully. 


Suggested opportunities for assessment
Activating prior knowledge
Observe student contributions to pair and class discussions to identify prior knowledge and misconceptions.
Connecting learning
Listen for students’ responses in group and class discussions to assess understanding of the identity and its algebraic and combinatoric proofs.
Use students’ solutions and observe how groups compare strategies and identify common reasoning.
Releasing responsibility 
Observe student contributions to pair and class discussions to determine understanding and identify possible misconceptions.
Independent practice
Review students’ full written solutions against the success criteria.
Listen to peer explanations during pair sharing to assess clarity and accuracy.
The use of the TAG peer feedback model encourages students to articulate their understanding and critique their partner's reasoning, providing valuable formative assessment data for both students. Monitor this process to ensure constructive feedback.

[bookmark: _Appendix_A]Appendix A 
Proving Pascal’s identity 
Provide both an algebraic proof and a combinatorial argument for the identity nCr  n-1Cr-1 +n-1Cr.
	Algebraic proof:
	Combinatorial argument:


[bookmark: _Appendix_B]Appendix B 
Further proof questions
Question Set A
1. [bookmark: _Hlk205910897]Prove the sum of the coefficients in the expansion of  is equal to . 
1. If  show that .
1. Given that , prove that . 
1. By expanding both sides of the identity , prove that 

1. Use the identity  to show that 



Question Set B
1. [bookmark: _Hlk205910968]If  show that . 
1. [bookmark: _Hlk205912482]Prove the sum of the coefficients in the expansion of  is equal to .
1. By expanding both sides of the identity , prove that 
.
1. By expanding both sides of the identity , prove that 
.
1. Use the identity  to show that .


Sample solutions
Retrieval practice
1. 
1. To make  into , multiply by . That is 
1. To make  into , multiply by .
1.  
1. 





Appendix A – proving Pascal’s identity
	Algebraic proof:
Since nCr 
Show:

Step 1: combine the right-hand side (RHS) fractions using the common denominator,  

Step 2: factorise the RHS.

Step 3: simplify the RHS to equal the LHS.

	Combinatorial argument:
1. Interpret nCr:
nCr represents the number of ways to choose  items from a total of  items.
2. Consider 2 cases for a specified item:
Case 1 – the specified item is chosen. In this case, you need to choose  items from the remaining  items. This is represented by n-1Cr-1.
Case 2 – the specified item is not chosen. In this case, you need to choose all  items from the remaining  items. This is represented by n-1Cr.
3. Combine the 2 cases:
The total number of ways to choose  items from  is the sum of the 2 cases. 
That is, nCr  n-1Cr-1 +n-1Cr.




Appendix B – further proof questions
Question Set A
1. Prove the sum of the coefficients in the expansion of  is equal to .
Expand

Choose value 
Let 
Substitute

If  show that .
Expand

Choose value 
Let 
Substitute

Given that , prove that . 
Expand
 
Choose value 
Let 
Substitute

By expanding both sides of the identity , prove that 
.
Expand  to find 

Expand , include terms in proof. 

Expand , include terms in proof.

Multiply terms to form 
Equate coefficients of  on both sides

Use the identity  to show that 

since .
Expand


Multiply
 
Multiply terms to form 




Each of these pairs gives a term in the form .
But since , each term becomes .
So, the full expression for the coefficient of  becomes:

Equate coefficients of  on both sides:


Question Set B
1. If  show that . 
Expand

Choose value 
Let 
Substitute

Prove the sum of the coefficients in the expansion of  is equal to .
Expand

Choose value 
Let 
Substitute 

By expanding both sides of the identity , prove that 
.
Expand  to find 

Expand , include terms in proof.

Expand , include terms in proof.

Multiply terms to form 

Equate coefficients of  on both sides

By expanding both sides of the identity , prove that 
.
Expand  to find 

Expand , include terms in proof. 

Expand , include terms in proof.

Multiply terms to form 
Equate coefficients of  on both sides

Use the identity  to show that 
since .
Expand


Multiply 
 
Multiply terms to form 




Each of these pairs gives a term in the form .
But since , each term becomes .
So, the full expression for the coefficient of  becomes:

Equate coefficients of  on both sides:



References
This resource contains NSW Curriculum and syllabus content. The NSW Curriculum is developed by the NSW Education Standards Authority. This content is prepared by NESA for and on behalf of the Crown in right of the State of New South Wales. The material is protected by Crown copyright.
Please refer to the NESA Copyright Disclaimer for more information https://educationstandards.nsw.edu.au/wps/portal/nesa/mini-footer/copyright.
NESA holds the only official and up-to-date versions of the NSW Curriculum and syllabus documents. Please visit the NSW Education Standards Authority (NESA) website https://educationstandards.nsw.edu.au/ and the NSW Curriculum website https://curriculum.nsw.edu.au/.
Mathematics Extension 1 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.

© State of New South Wales (Department of Education), 2025
The copyright material published in this resource is subject to the Copyright Act 1968 (Cth) and is owned by the NSW Department of Education or, where indicated, by a party other than the NSW Department of Education (third-party material).
Copyright material available in this resource and owned by the NSW Department of Education is licensed under a Creative Commons Attribution 4.0 International (CC BY 4.0) license.
[image: Creative Commons Attribution license logo.]
This license allows you to share and adapt the material for any purpose, even commercially.
Attribution should be given to © State of New South Wales (Department of Education), 2025.
Material in this resource not available under a Creative Commons license:
· the NSW Department of Education logo, other logos and trademark-protected material
· material owned by a third party that has been reproduced with permission. You will need to obtain permission from the third party to reuse its material.
Links to third-party material and websites
Please note that the provided (reading/viewing material/list/links/texts) are a suggestion only and implies no endorsement, by the New South Wales Department of Education, of any author, publisher, or book title. School principals and teachers are best placed to assess the suitability of resources that would complement the curriculum and reflect the needs and interests of their students.
If you use the links provided in this document to access a third-party's website, you acknowledge that the terms of use, including licence terms set out on the third-party's website apply to the use which may be made of the materials on that third-party website or where permitted by the Copyright Act 1968 (Cth). The department accepts no responsibility for content on third-party websites.

image1.png




image2.png
NSW

GOVERNMENT





image3.svg
                              


