
Comparing coefficients
This lesson focuses on proving identities involving binomial coefficients in binomial expansions by comparing coefficients. Students will build their understanding of how to approach problems involving binomial coefficients and apply a combinatorial argument to a specified context.
Learning intention
To understand how to prove identities involving binomial coefficients by comparing coefficients in binomial expansions.
Success criteria
I can multiply terms from different binomial expansions.
I can match and add terms from 2 expansions to get a specific coefficient.
I can explain the relationship between the terms of binomial expansions and combinations.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses the binomial theorem to solve problems and prove identities ME1-11-05
Content
The binomial theorem
Use the binomial theorem to determine the coefficient of a term with a specific power or the constant term in a binomial expansion
Prove identities involving binomial coefficients in binomial expansions by substituting values, comparing coefficients or applying a combinatorial argument to a specified context
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students determine the coefficient of in the expansion of  then consider how the coefficient of could be found for the expansion of .
	Think-Pair-Share
	Students activate prior knowledge and understanding of binomial expansions.

	Connecting learning
	Students use the cards from Appendix A to find the coefficient of in the expansion of . Slides 4–5 model this for students. Use slides 6– 7 to prove an identity involving binomial coefficients in binomial expansions by comparing coefficients. 
	Think-Pair-Share
	Recognise that  and that this can be used to prove identities involving binominal coefficients by comparing coefficients for equivalent powers of  on the left-hand side (LHS) and right-hand side (RHS).

	Releasing responsibility
	Students use the cards from Appendix A to answer questions on slide 9. Use slides 10–11 to model how to find the coefficient of the product of 2 powers of a binomial. Students practise finding coefficients and write notes using Appendix B. 
	Worked examples (Your turn) 
Notes to future forgetful selves
	Students practise finding coefficients from the product of 2 powers of a binomial and prove identities involving binomial expansions by comparing coefficients.

	Independent practice
	Students find the coefficient of  for both sides of  and relate this to the number of ways to choose a committee of 4 members from a group of 5 men and 7 women. This is then generalised to represent a committee of from  men and  women. Slide 13 models this for students. Students complete a gallery walk and discuss how comparing coefficients in binomial expansions can be applied to group selection.
	Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk
	Reinforce student learning by connecting the algebraic identity to a combinatorial argument to a specified context.



Activity structure
Please use the associated PowerPoint Comparing coefficients to display images in this lesson.
Activating prior knowledge
Ask students to find the coefficient of in the expansion of .
The coefficient would be 
Pose the questions ‘How many terms in the expansion of  contain ? Do they match the coefficient of in the expansion of ?’ Have students consider possible strategies in a Think-Pair-Share (bit.ly/thinkpairsharestrategy).
Students should match up  and  to get .
Connecting learning
1. Ask students to find the coefficient of in the expansion of .
1. Distribute Appendix A ‘Binomial cards’ to pairs of students and explain that they will be analysing how the coefficient of  is formed when multiplying 2 binomial expansions. 
The cards can be cut prior to distributing to students, otherwise, students will need to cut the cards in class. Each card displays a power of a binomial at the top, followed by a single term from its expansion underneath. The full set includes all the terms from 6 different binomial expansions.
Have students separate the cards labelled  and . The other cards will be used later in the lesson.
Ask students to find and match pairs of terms, one from each of  and , that would multiply together to result in a term containing . 
Display slide 4 of the PowerPoint and ask students to compare their matched pairs of cardsClick to animate the slide to reveal the term containing .
The slide models matching the terms to find  and adding them to equate the total coefficient. 
Display slide 5 and use a Think-Pair-Share for students to discuss what they notice about the cards written in combination notation.
Students should notice that the ‘r’ values for the pink cards are increasing in size, whilst the ‘r’ values of the matched blue cards decrease in size. They should also notice that the ‘r’ values for the paired combinations total 4, which is the power of the term they are finding.
Display slide 6 and have students engage in a Think-Pair-Share to consider:
What is this question asking?
What is the significance of the 4 in ?
Students should recognise that the question is the same as the matching activity they just completed and that they should separate the 2 binomial expansions and match terms that multiply to achieve . The 4 in the term  informs students which power of  they require.
Click slowly multiple times to gradually animate slide 7 to model the solution. 
Using a Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce), ask students to determine the important steps in answering proof questions similar to this one.
Students should recognise that they need to separate and expand the left-hand side (LHS) of the equation and then demonstrate that it is equivalent to the right-hand side (RHS). It is acceptable and encouraged for students to communicate their thinking visually, using colours or circling and connecting terms. 
Releasing responsibility
1. Display slide 9 and ask students, in pairs, to use the additional cards from Appendix A ‘Binomial cards’ to solve problems 1 and 2. Click to animate the slide to display the answers. 
1. Use slides 10–11 to model finding coefficients of the product of 2 powers of a binomial using the Worked examples (Your turn) method (bit.ly/supportingstrategies) to gradually release responsibility.
Note that the questions are in the slide titles. Click to animate the ‘Worked example’ slide to show self-explanation prompts and click to animate the ‘Your turn’ slide to show the solution.
Distribute Appendix B ‘Comparing coefficients’ and have students complete the 2 different questions independently. As they work, prompt them to make notes to their future forgetful selves (bit.ly/notestofutureself), explaining key steps, strategies or common mistakes to watch out for.
Independent practice 
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Present the identity  and ask students to find the coefficient of  for both sides of the identity, clearly listing the pairs of terms for the LHS using combination notation.

Present the following scenario to students:
Consider a group of 12 people consisting of 5 men and 7 women. How can you choose a committee of 4 members?
Ask groups to discuss the total number of ways to select 4 members from 12 people.
The number of ways is .
Ask students to now break down the selection process into cases based on the number of men chosen (that is, choosing 0 men, 1 man, 2 men and so on) and identify the number of ways each case can occur using combination notation. 
Choose 0 men: 
Choose 1 man: 
Choose 2 men: 
Choose 3 men: 
Choose 4 men: 
Have students calculate the sum of these products to find the total number of ways to choose 4 members from a group of 5 men and 7 women, verifying it against .
Prompt students to consider the following scenario:
How can this method be applied to any group of  men and  women, forming a committee of  members?
Ask students to suggest a general identity to represent the scenario and compare with neighbouring groups.
Students should produce the identity .
Explain that they will now use this identity to find the coefficient of  in the expansion, which represents the number of ways to choose  members from the group of  people.
Have students expand  and  using the binomial theorem, writing down the expansions.
Ask students to equate the coefficient of  by multiplying terms from and  This can be modelled using slide 11 of the PowerPoint. 
The combinations for the coefficient of  are:
LHS =  
RHS = 
Have groups choose their own values for  (men),  (women) and  (committee size) to verify that  
Groups should complete a gallery walk (bit.ly/DLSgallerywalk) looking at different groups’ values of  (men),  (women) and  (committee size). They should observe the following:
How different values of  and  affected the total number of combinations
Any patterns or insights noticed in the combinations.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Provide different levels of prompting based on student readiness. Some students may need more guidance to connect index laws to the binomial expansion.
Connecting learning
Students may benefit from placing the cards from Appendix A together to model the binomial expansion.
Students may need to be reminded that when multiplying terms, they add the exponents of  and multiply the coefficients.
The powers of the binomials can be changed to suit varying level of ability. 
Releasing responsibility 
Cards could be coloured to reduce the cognitive load on the students.
Independent practice
If the class size does not allow for groups of 3, it is recommended to form random pairs, ensuring students continue working on vertical non-permanent surfaces.
Allow students to choose different values for ,  and  based on their confidence level.

Suggested opportunities for assessment
Activating prior knowledge
Monitor students’ answers and reasoning to observe their understanding of finding a coefficient in a binomial expansion.
Observe student discussions during the Think-Pair-Share to assess their understanding of coefficients.
Connecting learning
Check students’ matches of terms to evaluate their understanding of how terms in the expansions interact.
Releasing responsibility 
Review students’ notes to gauge their understanding and identify common misconceptions.
Independent practice
Use the gallery walk to assess understanding through peer discussions and observe students' ability to articulate their findings and insights.
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[bookmark: _Appendix_D][bookmark: _Appendix_B]Appendix B
Comparing coefficients
	Find the coefficient of  in the expansion of 


	[bookmark: _Hlk205904714]If show that 6C07C3 + 6C17C2 + 6C27C1 + 6C37C0 = 13C3.




Sample solutions
Appendix B – comparing coefficients 
	Find the coefficient of  in the expansion of 

Terms that multiply to give :

Coefficient of : 

	If show that 6C07C3 + 6C17C2 + 6C27C1 + 6C37C0 = 13C3.


Products which give the coefficients of  in :

Coefficient of  in : 

Since 6C07C3 + 6C17C2 + 6C27C1 + 6C37C0 = 13C3
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