
Finding coefficients and the constant term
Students learn to identify and calculate both the constant term and the coefficient of a specific term within a binomial expansion to develop a deeper understanding of the binomial theorem's application in mathematical contexts.
Learning intention
To be able to apply the binomial theorem to identify and interpret terms in an expansion.
Success criteria
I can expand binomial expressions to find the constant term.
I can calculate the constant term in a binomial expansion using the general term.
I can determine the coefficient of a term with a specific power within a binomial expansion.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses the binomial theorem to solve problems and prove identities ME1-11-05
Content
The binomial theorem
Apply the binomial theorem to expand and simplify expressions of the form 
Use the binomial theorem to determine the coefficient of a term with a specific power or the constant term in a binomial expansion
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use Appendix A to revise converting between indices with a negative power and indices in the denominator of a fraction.
	
	Negative powers of indices are Path content. 

	Activating prior knowledge
	Using slides 4– 5 of the PowerPoint Finding coefficients and the constant term, guide students to apply the binomial theorem to expand the given expressions. Students compare the 3 expressions to initiate a discussion about constant terms. 
	Think-Pair-Share 
Pose-Pause-Pounce-Bounce


	Activate prior knowledge of expanding using the binomial theorem and have students start thinking about the constant term and whether every binomial expansion will have one. 

	Connecting learning
	Students revisit the general term before using slides 7–8 to model finding the constant term using the general term, then have students work through Appendix B to apply this understanding. Students explore a non-example (slide 9) to conclude that for a constant to exist, the value must be a positive integer. They practise using slide 10 before transferring their learning to find terms with a given power (modelled on slide 11) and complete Appendix D.
	Pose-Pause-Pounce-Bounce
Worked examples (Your turn)
Faded examples 
Think-Pair-Share
	Students learn how to find the constant term using the general term and then explore the relationships between powers to discover a shorter method of finding the constant term and, if one exists, using ratios. The investigating ratio section of the lesson is optional (slide 12 and Appendix C).

	Releasing responsibility
	Students summarise thinking and complete Four quadrant notes (Appendix E).
	Visibly random groups of 3
Notes to future self
	This section aims to consolidate learning.

	Independent practice
	Use slides 14–18 for students to complete 4 HSC-style questions.
	
	Students are exposed to HSC-style questions.



Activity structure
Please use the associated PowerPoint Finding coefficients and the constant term to display images in this lesson. 
Retrieval practice
Distribute Appendix A ‘Matching indices’ to each student. Instruct them to connect each index expression on the left with its equivalent expression on the right.
The concept of negative-integer indices is addressed in Stage 5 Indices B (Path) outcome 
MA5-IND-P-01. Students were introduced to negative-integer indices and the zero index in Lesson 05 – let’s power down of Stage 5 Unit 4 – index laws.
Activating prior knowledge
1. Ask students to expand  and  using the binomial theorem. These questions along with the corresponding expansions can be seen on slide 4 of the PowerPoint.
1. Display slide 5 of the PowerPoint and have students expand  using the binomial theorem. After some time, click to animate the slide to display the worked solution. 
1. Using a Think-Pair-Share (bit.ly/thinkpairsharestrategy) have students compare the 3 questions and their answers. Ask students to specifically look at how each term changes for each of the expansions.
Students should realise that each expansion has identical first terms, although the following 3 terms all changed by the power of . Students may also share that the last term changed quite significantly and they may link it to how the question changed. Students might share that the first and last questions have constant terms or terms independent of . 
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) to initiate a class discussion about the constant term in the 3 binomial expansions. Prompt students with questions such as: 
Why don’t all binomial expansions contain a constant term?
For which binomial expansions would you expect a constant term, and why? 
Have students link their understanding back to the 3 binomial expansions and why the expansion of  and  had constant terms while  did not. 
Connecting learning
1. Using a Think-Pair-Share, prompt students to consider how they could determine the constant term without fully expanding the binomial expression. Students may need to be prompted to consider the power of  for a constant term. 
Students should start thinking about the power of  and how the binomial theorem could help identify the term independent of . 
1. Direct students to the binomial theorem on the NESA Mathematics Extension 1 – HSC reference sheet. Have them use this to recall and write the general term of a binomial expansion. 
The general term of a binomial expansion can be written as . 
1. Use slides 7–8 of the PowerPoint to model how to use the general term to find the constant term using the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
Click to animate the ‘Worked example’ slide to show self-explanation prompts and click to animate the ‘Your turn’ slide to show the solutions.
1. Students complete faded worked examples (bit.ly/fadedexamplesstrategy) using Appendix B ‘Faded examples’ to apply their understanding of the general term in a scaffolded way. This approach gradually releases responsibility, building confidence and reinforcing links to prior learning.
1. Display slide 9 and have students read through the non-example. 
1. Click to display the self-explanation prompts and using a Think-Pair-Share have students consider why this example does not contain a constant term. 
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to unpack how to determine if a binomial expansion will include a constant term. Prompt questions could include: 
What did you notice about the value of  in the examples?
Why do you think the values of  are always whole positive numbers in these examples? What does that tell us about the terms? 
If were not a whole positive number, what would that mean in relation to the existence of a constant term in the expansion?
The discussion should draw out that a constant term will exist if the value of  is a positive integer after equating the powers to 0. 
11. Display slide 10 and have students work in pairs to determine if a constant term exists for the 3 examples on the slide. 
Click to animate the slide 3 times for each solution to appear individually.
Term to a given power
12. Use a Think-Pair-Share for students to consider how they could use their understanding of coefficients and powers to find the coefficient of  in the expansion of .
Students should realise that instead of equating powers to zero, they now equate them to equal 8. 
1. Display slide 11 to model the working for students.
1. Distribute Appendix C ‘Add them up’, and have students complete the activity. This task is self-checking, as the sum of all the coefficients should equal the number in the centre circle.
Interesting ratios (optional)
This section is an alternate method of finding if a constant term will exist in a binomial expansion. 
Explain to students that ratios can be used to predict the existence of a constant term. 
Distribute Appendix D ‘Interesting ratios’ to pairs of students. Have them complete the 2 columns. Slide 12 of the PowerPoint will help students understand the headings in the table. 
In a Think-Pair-Share have students discuss their findings from the table. Suggested prompting questions include:
What is the relationship between the power of the binomial (column 2) and the ratio of the powers of the terms in the binomial (column 3)? 
How do you know if a binomial expansion will have a constant value?
Students should recognise that the number of parts in the ratio of the powers within the binomial is a factor of the power of the binomial. For example, for the total number of parts in the ratio is 5 (2+3), which is a factor of 10; therefore this binomial expansion will have a constant term. A binomial expansion will have a constant value when the number of parts in the ratio is a factor of the power. 
Have students identify if a constant term exists for the questions in Part B of Appendix D. 
Have pairs join with another pair to compare answers. Pairs should negotiate answers that differ to decide which one is correct. 
Releasing responsibility
1. Conduct a class discussion on how the general term can be used to find specific terms in a binomial expansion. Some suggested prompts include:
How can we use the general term of a binomial expansion to find a constant term without expanding the whole expression?
What must be true about the value of  for a constant term (or any specific term) to exist in a binomial expansion?
How could the same method be adapted if we wanted the coefficient of  instead of the constant term?
Distribute Appendix E ‘Four quadrant notes’ for students to complete (bit.ly/supportingstrategies). Students could complete the first 2 examples in pairs and then complete the rest independently. 
Have students complete practice questions from an existing resource to consolidate their understanding of using the binomial theorem to determine the coefficient of a term with a specific power or the constant term in a binomial expansion. 
Independent practice 
1. Display slide 14 and give students time to work on the following problem individually or in pairs. 
Does have a constant term? Justify your answer mathematically. 
Have students join with another student or pair to compare how they communicated and justified their solutions.
Click to animate the slide to reveal the solutions. The ratio method is available on slide 15 for those who completed ‘Interesting ratios’ in the ‘Connecting learning’ section. 
Repeat steps 1 and 2 for another 3 HSC-style questions. These are displayed using slides 16, 18 and 19. 
Click to animate each slide to display the solution. Slide 17 is included to show an alternate solution to HSC-style question 2, that uses ratios.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Students may need to be reminded of how to convert between negative indices and indices in the denominator of a fraction. 
Activating prior knowledge
Students may benefit from completing the expansion in pairs. 
The initial binomial expression can be modified to provide varying levels of complexity. For example, use a larger power or provide a simpler expression.
Connecting learning
Challenge students to expand the binomial expressions in Appendix B to check their solutions.
Students may not be ready to move to using ratios to find the constant term. This part can be omitted from the lesson.
Extend to expressions of the form and ask students to generalise when a constant term occurs.
Challenge students to adjust binomial expressions to include a constant term if they don’t have one. Then, have them swap with a partner to verify each other’s modified expression and solution.
Questions in Appendix C could be modified to suit the needs of your students or students could create their own ‘Add them up activity’ for a partner to complete. 
Independent practice
Students may benefit from scaffolding the questions. 


Suggested opportunities for assessment
Retrieval practice
Responses to Appendix A could be used to assess students’ ability to convert between negative indices and indices in a fraction. 
Activating prior knowledge
The binomial expansion could be used to assess students’ ability to apply the binomial theorem.
Ask students to explain the concept of the constant term in their own words after the expansion exercise. This can help gauge their understanding before moving on.
Connecting learning
Appendix B could be collected to assess students’ ability to find the general term, use the general term to find a coefficient or assess students’ understanding of index laws. 
Observe student contributions to peer and class discussions to assess how well they articulate their understanding.
Releasing responsibility
Appendix E could be collected to assess students’ ability to meet the success criteria. 
Independent practice
Students’ solutions to HSC-style questions could be collected as an exit ticket (bit.ly/exitticketstrategy) to check for understanding.
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Appendix D
Interesting ratios
Part A – complete the table below. 
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Appendix E
Four quadrant notes 
	Example 1
Use the binomial theorem to find an expression for the constant term in the expansion of .

	Example 2
Find the coefficient of  in the expansion of .


	Things to remember
	Example 3




Sample solutions
Appendix A – matching indices
1. h
e
a
i
b
g
j
f
d
c
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Appendix C – add them up
	Find the coefficient of  in the expansion of 
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Appendix D – interesting ratios 
	Question
	Power of the binomial
	Ratio of the powers of the term in the binomial (ignore the negatives)
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Part B
A.  has 3 parts, 6 is a multiple of 3, therefore a constant term exists.
B.  has 6 parts, 12 is a multiple of 6, therefore a constant term exists.
C.  has 8 parts, 16 is a multiple of 8, therefore a constant term exists.
D.  has 3 parts, 5 is not a multiple of 3, therefore no constant term exists.
E.  has 8 parts, 15 is not a multiple of 8, therefore no constant term exists.
F. has 5 parts, 6 is not a multiple of 5, therefore no constant term exists.
G.  has 5 parts, 15 is a multiple of 5, therefore a constant term exists.
H.  has 7 parts. 9 is not a multiple of 7, therefore no constant term exists.
I.  has 5 parts, 10 is a multiple of 5, therefore a constant term exists. 
J.  has 7 parts, 14 is a multiple of 7, therefore a constant term exists. 
Appendix E – Four quadrant notes 
	Example 1
Use the binomial theorem to find an expression for the constant term in the expansion of .
Finding general term 
Equating indices to 0 
Solving for  

Substitute into the general term

	Example 2
Find the coefficient of  in the expansion of .
General term 
Equate indices to 
Solve for r

Substitute into the general term

The coefficient of  is 24.

	Things to remember 
	Example 3 (suggestion) 
Without expanding, show that  does not have a constant term.
Using index laws
Finding general term 
Equating indices to zero 
Solving for  

 is not a positive integer, therefore no constant term exists. 
Using ratios 
3:1 has 4 parts, 4 is not a factor of 15, therefore no constant term exists.
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