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Students will derive the binomial theorem and apply it to expand and simplify expressions of the form  to solve a variety of problems. They will deepen their understanding of the relationships between coefficients, combinations and the structure of binomial expansions.
Learning intention
To be able to derive and apply the binomial theorem to expand and simplify expressions.
Success criteria
I can identify and explain the general term in the context of a binomial expansion.
I can derive the binomial theorem from the expansion of .
I can apply the binomial theorem to expand a variety of expressions in the form .


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses the binomial theorem to solve problems and prove identities ME1-11-05
Content
The binomial theorem
Derive the binomial theorem:  nC0  nC1  nC2 nCn-1  nCn, when  is a positive integer
Apply the binomial theorem to expand and simplify expressions of the form 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slide 4 of the PowerPoint The binomial theorem to examine the expression for the general term of a binomial expansion. Using slides 5–7, the binomial theorem is derived and sigma notation unpacked. Students are assigned a value of  to expand  using the binomial theorem.
	Pose-Pause-Pounce-Bounce
Visibly random groups of 3
Vertical non-permanent surfaces

	Expressions in the form  can be expanded using the binomial theorem, which is the sum of terms  for . This can be represented using sigma notation.

	Connecting learning
	Students expand  and  and compare coefficients to the expansions of  and  respectively, before discussing the effect of the factor of 2 in front of  as a class. Students then expand  using their assigned value of  to reinforce the structure of each coefficient as the product .
	Visibly random groups of 3
Vertical non-permanent surfaces
Pose-Pause-Pounce-Bounce
	Students consider how a negative term within a binomial will affect the sign of the terms in the expansion of that binomial to a power and begin to think about values other than  and  in the binomial.

	Releasing responsibility
	Use slides 9–12 to model examples of applying the binomial theorem. Students then create notes to their future forgetful selves, before using an existing resource to practise applying the binomial theorem to expand and simplify a variety of binomial expansions.
	Worked examples (Your turn)
Notes to future forgetful selves
	Students apply the binomial theorem to expand a variety of expressions in the form .

	Independent practice
	Students complete binomial theorem problems on slide 14 before reviewing each other’s work and providing peer feedback.
	TAG peer feedback
	The questions involve applying the binomial theorem to solve a variety of different problems by expanding and simplifying expressions in the form  in different contexts.



Activity structure
Please use the associated PowerPoint The binomial theorem to display images in this lesson.
Activating prior knowledge
1. Use slide 4 of the PowerPoint to display the expression for the general term and facilitate a class discussion to examine:
how the coefficient of each term is a combination, , where  is the power of the binomial and  is the position of the term starting from 0 
how the powers are distributed across and  in each term to equal .
Encourage students to articulate their understanding of how choosing  factors of  and  factors of  (or vice versa) can be done in nCr ways, yielding nCr as the coefficient of . This relationship was established in Lesson 02 – combinatorial patterns. 
Use slides 5 and 6 to develop the binomial theorem from the general term, using the expansion of  as an example and unpack the meaning of the sigma notation.
Explain how sigma (S) notation provides a concise way to express the sum of a series of terms and how each term in the expansion of  corresponds to a term in the sigma notation, with  representing the binomial coefficient.
[bookmark: _Hlk205895020]Bring to students’ attention the binomial theorem on the NESA Mathematics Extension 1 – HSC reference sheet. Encourage students to annotate the reference sheet with the general term and sigma notation to assist with future problem solving.
Display slide 7 to demonstrate the connections between combinations, Pascal’s triangle, the general term of a binomial expansion and the binomial theorem. 
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557KB) (bit.ly/posepausepouncebounce) for the following question to facilitate a class discussion and check for understanding: How does the binomial theorem generalise what we have learned about combinations?
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (VNPS) (bit.ly/VNPSstrategy). 
Assign groups different values of  (for example, 6, 7 or 8) to expand  using the binomial theorem. 
Have groups present their work to a neighbouring group (or to the class), explaining how they derived the expansion and the role of each component in the theorem.
Connecting learning
1. Continuing in their groups of 3 at VNPS, ask students to consider the expansion of  for their assigned value of  and how this will differ from the expansion of . Some prompting questions might include:
How will the negative sign affect the sign of the terms in the binomial expansion?
Can we tell which terms will be negative?
Have students expand  and compare it to the expansion of , which should still be displayed on slide 7 of the PowerPoint. Students should identify the coefficients in each expansion and discuss any differences they notice.
Facilitate a class discussion using the Pose-Pause-Pounce-Bounce questioning strategy. Possible questions to pose include:
What happens to the coefficients of the terms in the expansion when we introduce a coefficient of 2 in front of ?
How might the coefficient of 2 in front of  affect expansions of higher powers?
How does a coefficient other than one in the binomial expression affect the pattern of coefficients in any expansion?


Where and
Highlight that while the powers of  and  follow the same pattern, the coefficients in the expansion of  are affected by the factor of 2. Encourage students to think about how they can predict or calculate coefficients for other binomials in the form  and for larger powers. Guide students to identify each coefficient in the expansion of as the product of the corresponding coefficient in the expansion of  and a power of 2 (that is, ).
Ask students to expand  for their assigned value of  to reinforce the structure of each coefficient as the product .
Releasing responsibility
1. Use slides 9–12 of the PowerPoint to model worked examples of applying the binomial theorem to expand expressions in the form  using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Click to animate the ‘Worked example’ slides to show self-explanation prompts and click to animate the ‘Your turn’ slides to show the solutions.
Highlight to students that  and  in the binomial theorem are placeholders for any terms in those positions. 
With practice, students will be able to solve similar problems with less working out. Additional working has been shown in the worked examples to build student understanding.
Students are to create notes to their future forgetful selves (bit.ly/notestofutureself). Encourage students to record notes about the general term, sigma notation and the binomial theorem.
Students should complete practice questions from an existing resource to consolidate their skills in developing the general term of a binomial expansion and using the binomial theorem to expand and simplify a variety of binomial expansions. 


Independent practice 
1. Display the binomial theorem problems on slide 14 of the PowerPoint for students to complete individually.
1. Have students review their table partner’s work to give constructive feedback on one question using the TAG (Tell, Ask, Give) peer feedback model (bit.ly/DLSpeerfeedback), focusing on process, strategies and any errors.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Offer a step-by-step explanation of how to derive the general term from smaller expansions to assist students who may struggle with abstraction.
Challenge students to derive the general term for  and consider how coefficients are affected.
If the class size does not allow for groups of 3, it is recommended to form random pairs, ensuring students continue working on VNPS. In the case of very small classes, the teacher should participate as a student, using their own VNPS to contribute responses that would typically emerge in larger classes.
Connecting learning
Use prompting questions to support or challenge students at their level of need when discussing the expansions of  and .
Releasing responsibility 
Support students by providing scaffolding and templates to guide them through the expansion process.
Challenge students to deduce a coefficient without fully expanding, for example, ask students to find the coefficient of  in the expansion of .
Independent practice
Offer additional practice problems to ensure foundational understanding before moving to more complex problems that require deeper thinking and application of the binomial theorem in various contexts.


Suggested opportunities for assessment
Activating prior knowledge
Monitor group discussions for students’ understanding of expanding powers of a binomial and the binomial theorem.
Ask students to explain the logic of the general term aloud to a peer using only words.
Connecting learning
During the class discussion, listen for student understanding of expanding, the binomial theorem, coefficients and powers.
Releasing responsibility 
Facilitate a discussion around the worked examples, asking for volunteers to share their reasoning. 
Self-assessment: students could be asked to reflect on their understanding of a binomial expansion and rate their confidence in applying the binomial theorem.
Independent practice
Review solutions to the binomial theorem problems to evaluate students’ understanding and ability to apply the binomial theorem independently.
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[bookmark: _Appendix_B]Sample solutions
Independent practice – Binomial theorem problems
1. Use the binomial theorem to expand .

1. By writing  as , use the binomial theorem to evaluate , correct to 2 decimal places.

If , use the binomial theorem to evaluate  and .

Therefore,  and .
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