
Vector equations of circles 
Students learn how vectors can be used to represent circles in two dimensions. They explore how a vector of fixed magnitude traces a circular path as its direction changes and how translating this vector generates circles centred at any point C. Students use both parametric and magnitude forms of circle equations and apply them to solve geometric problems.
Students will need at least one digital device per pair to interact with Amplify and GeoGebra during this lesson.
Learning intention
To understand and be able to apply the vector equation of a circle.
Success criteria
I can recognise the vector equations of circles centred at the origin.
I can use  to determine whether a point lies on a circle with centre .
I can apply the vector equation of circles to solve geometric problems


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
uses vectors to model lines and curves, solve problems, and prove results involving geometry and coordinate geometry ME2-12-02
Content
Vector equations of lines and curves
Recognise  and  as vector equations of a circle in two dimensions with radius  centred at the origin
Recognise and  as vector equations of a circle in two dimensions with radius  and centre  with position vector 
Use the circle equations and sphere equations to solve problems
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Students complete the questions on slide 4 of the PowerPoint on distances and equations of circles.
	Mini whiteboards
	This section reminds students of 2 skills required for this lesson.

	Activating prior knowledge
	Students use a length of string to model fixed‑magnitude and variable-direction vectors, answering questions about the path traced and how it can be written as a vector equation.
	Mini whiteboards
	This section builds the idea that a vector with fixed magnitude, but changing direction, traces a circle.

	Connecting learning
	Students work through the Amplify activity bit.ly/vector_circle before discussing their results. 
	Pose-Pause-Pounce-Bounce
	This section formalises how  generates a circular path and extends this to radius  and translated centres, reinforcing the structure of vector, parametric and Cartesian representations of circles.

	Releasing responsibility
	Students view slides 5–6, where the teacher models examples of vector equations of circles in parametric, magnitude and Cartesian forms. Students then complete the worked examples on slides 7–8, determining whether given points lie on, inside or outside a circle, before consolidating their understanding using Appendix A. 
	Worked example (Your turn)
Frayer diagram
	This section consolidates how vector, magnitude and Cartesian forms describe the same circle and strengthens students’ ability to determine a point’s position relative to a circle using vector magnitude.

	Independent practice
	Students complete the HSC-style question in Appendix B independently, then compare their solutions with a partner. The class then reviews the questions together to develop an agreed final solution.
	
	This section reinforces students’ ability to apply vector and magnitude forms of a circle to solve unfamiliar problems and justify their reasoning, strengthening accuracy and confidence with HSC-style applications.
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Activity structure
Please use the associated PowerPoint Vector equations of circles to display images in this lesson.
Retrieval practice
Display slide 4 of the PowerPoint and have students respond to each question on their mini whiteboard (bit.ly/miniwhiteboards). After each question, animate the slide to display the solution. 
This retrieval practice revisits key prior learning on distances and equations of circles. Students recall how to calculate the distance between 2 points, form the Cartesian equation of a circle, and identify the parametric equation of a circle centred at the origin. Parametric equations were covered in Unit 5 – Parametric form – Lesson 3 – circle parametric form. 
Activating prior knowledge
1. Provide 2 students (student A and student B) with a length of string, with each student holding an end. 
Instruct student A to remain still, while student B walks directly to a nominated point in the classroom. 
Ask the class to answer the following questions on their mini whiteboards:
What shape does the tip of the vector trace?
Does the direction of the vector change? 
Does the magnitude of the vector change? 
How could we write this as a vector equation?
Student responses should be:
· straight line
· direction does not change.
· magnitude changes
· 
1. Continuing with a length of string connecting student A and student B, student A is to remain still, whilst student B moves to a distance so that there is no slack on the string.
1. Student A remains in place but may rotate to face Student B. Instruct Student B to move in a manner that maintains no slack in the string. 
1. Ask the class to answer the following questions on their mini whiteboards.
If we think of the string as a vector, where would its tail and tip be? 
Describe the shape that is being traced out by student B.
Does the direction of the vector change? 
Does the magnitude of the vector change? 
Would you describe the change in direction of the vector using an angle, gradient, or another measure? 
Student responses should be: 
· tail is student A; tip is student B
· circle
· direction changes
· magnitude does not change
· angle.
Connecting learning
1. Assign the Amplify Classroom activity ‘Vector equation of a circle’ (bit.ly/vector_circle) for students to attempt in pairs using digital devices.
Before completing this activity, you will need to set up an Amplify Classroom (bit.ly/createamplifyclassroom).
Amplify provides the opportunity for immediate feedback as well as tailored feedback from the teacher as students progress.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to check for understanding of the vector equation of a circle. Possible prompting questions include:
What does the expression represent geometrically?
What different types of representations are there for a circle? 
Why is it helpful to have multiple ways of representing the same geometric object?
Students should recognise that is simply the distance from a point to the centre. Different representations reveal different aspects of the same circle. Cartesian form highlights distance, the vector form highlights direction and movement, and the parametric form highlights how a point travels, which lets them reason about whether a point is on, inside or outside the circle without needing to plot anything.
Releasing responsibility
1. Display slides 5–6 to show students the formulas for vector equations of circles centred at the origin and at a point  Animate each slide to provide students with a diagram and example of a circle using a vector equation, magnitude and a Cartesian equation. 
1. Use slides 7–8 to model how to determine if a point lies on, inside or outside a circle, using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
1. Distribute Appendix A ‘Frayer diagram’ (bit.ly/frayerdiagram) for students to consolidate their understanding of vector equations of circles.
Students may benefit from practising applying vector equations to circle problems using an existing resource. 
Independent practice
1. Distribute Appendix B ‘HSC-style question’ for students to complete independently. 
On completion, have students compare their solutions with a partner.
Lead a class discussion with the class to develop an agreed final solution for each question. 


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Provide a partially completed diagram showing tail, tip, magnitude and direction for students who need support interpreting the string model.
Extend by asking students to generalise the motion using their own notation for vectors of fixed magnitude.
Connecting learning 
Offer structured prompts guiding students to substitute and  before forming the vector expression.
Extend by asking students to derive the translated vector equation for a circle centred at.
Releasing responsibility
Provide worked examples with intermediate steps for students who need support interpreting magnitude form.
Extend by asking students to convert between vector, parametric and Cartesian forms without diagrams.
Independent practice
Offer guiding questions that help students identify whether a point lies inside, on or outside the circle.
Extend by asking students to create a second HSC-style question that uses the magnitude form .


Suggested opportunities for assessment
Activating prior knowledge 
Listen for students’ ability to articulate why a fixed‑magnitude, variable-direction vector traces a circular path.
Note whether students can correctly describe how changing the angle affects the position of the point.
Connecting learning 
Observe whether students correctly form ,  and extend this to .
Check if students can explain how the vector equation changes when the centre is translated from the origin.
Releasing responsibility
Monitor students’ accuracy when determining whether a point lies on, inside or outside a circle using vector magnitude.
Review worked examples for correct conversion between vector, parametric and Cartesian forms.
Independent practice
Use students’ Appendix B responses to gauge their ability to apply vector and magnitude forms in an unfamiliar HSC-style context.
Listen for clear justification of reasoning when students compare solutions with a partner.


[bookmark: _Appendix_A]Appendix A 
Frayer diagram
[image: A Frayer diagram with 'vector equations of circles in the centre.' 
]
[bookmark: _Appendix_B]Appendix B 
HSC-style question
1. A hammer-throw athlete rotates inside a circular throwing area with centre  and radius of  metres. 
A safety cage panel is modelled by the line 

The athlete releases the hammer at a point  on a circular path.
Show that the vector equation of the circle can be written as
 where 
The hammer must not be released too close to the safety cage. Find the coordinates of point  on the circle that is closest to the safety cage panel.
Hence, or otherwise, determine the minimum distance between the athlete’s circular path and the safety cage panel.
1. An autonomous underwater drone moves in a circular scanning pattern with centre  and a radius of 9 metres.
A subsea communication cable lies along the line

For safety reasons, the drone must never come within 6 metres of the cable.
1. Show that the vector equation of the drone’s circular path can be written as 
 
Determine the point on the drone’s circular path that is closest to the communication cable.
Hence determine the minimum distance between the drone’s path and the cable.
Decide whether the drone ever comes within the 6-metre safety margin and justify your conclusion. 
12. Determine the point(s) of intersection between the circle  and the line 


Sample solutions
Appendix B – HSC-style questions 
1.  
1. The position vector of the centre of the circle is  
Given the condition,  is on the circle of radius 6 centred at  is exactly

That is, the distance for  to  is .
Hence the vector equation is,

Shortest distance will be on a line perpendicular to and  units from 
 has direction vector 
 will be in the direction 
Unit vector 
 lies on the line 
When  
We know:
Distance from  to line 
Radius of circle 
Hence minimum distance from the circle to the line is 

Hence the minimum distance is  metres. 
 
1. Given the centre  radius .
Let  be the position vector of a point on the path and 
Distance from  to  is , so 

The cable lies along the line

The shortest distance from the circle to this line will lie on a line perpendicular to

passing through the centre .
The line has normal vector

so, the direction of (from the centre to the closest point ) is perpendicular to the cable and can be taken as

The unit vector in this direction is

Since the radius of the drone’s circular path is  metres, the closest point  on the circle lies 9 units from  along this direction. So  lies on the line

For the point on the circle closest to the cable, set :
 
So, the point on the drone’s circular path that is closest to the communication cable is


So, the minimum distance is

Required safety margin: m. Actual minimum distance: m.
Since , the drone never comes within the 6‑metre safety margin of the cable.
Equation of circle: 5
Direction vector of the line is:

Hence, the perpendicular vector is:
 
The closest point on the circle to the line must lie along this normal direction from the origin, pointing towards the line.
Corresponding unit vector

Multiplying by 5 to get:
 to give us a radius of 5
Hence the required point is:
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