
Rational inequalities
Students solve rational inequalities involving variables in the denominator by identifying critical values, analysing sign changes, graphing and algebraic manipulation.
Learning intention
To be able to solve inequalities involving rational expressions with variables in the denominator.
Success criteria
I can identify values that make a rational expression zero or undefined.
I can explain where a rational expression is positive or negative.
I can identify and justify critical values of an inequality involving a rational expression.
I can solve inequalities involving rational expressions with variables in the denominator and justify the reasoning behind my method and solution.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
solves problems involving inequalities, functions and their inverses, graphical relationships between functions, and parametric equations ME1-11-01
Content
Further work with functions
Inequalities
Solve inequalities involving rational expressions with variables in the denominator
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use effective questioning to check students’ understanding of rational numbers and rational expressions. Students complete the questions on slide 4 of the PowerPoint Rational inequalities before a class discussion about inequalities and rational expressions.
	Visibly random groups of 3
Vertical non-permanent surfaces 
Pose-Pause-Pounce-Bounce
	A rational expression is a fraction whose numerator and denominator are polynomials.
Consider the sign when multiplying or dividing an inequality by a variable and division by zero is undefined.

	Connecting learning
	Use slides 6–9 to connect learning to solving inequalities using graphical methods. Students solve an inequality graphically then reflect critically on the algebraic solution in Appendix A to compare methods.
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
Worked examples (Your turn)
	Where the denominator is zero, the expression is undefined. The sign of a rational expression changes at critical values.

	Releasing responsibility
	Use slides 11–15 to model worked examples and an incorrect worked example for solving rational inequalities with a variable in the denominator. Students complete Appendix B then discuss in pairs before a class discussion.
	Worked examples (Your turn)
Incorrect worked example
Turn and talk
	Methods to solve rational inequalities include finding the critical values and multiplying by the square of the denominator. A particular method might be more suitable in certain situations.

	Independent practice
	Students create their own inequality and solution before swapping with another pair. Pairs compare solutions and provide peer feedback.
	TAG peer feedback
	Students have the opportunity to justify the reasoning behind their chosen methods and solutions to the inequalities.



Activity structure
Please use the associated PowerPoint Rational inequalities to display images in this lesson.
Activating prior knowledge
Use effective questioning to check students’ understanding of rational numbers and rational expressions. Questions could include:
What defines a rational number? Can you give an example?
How do you determine if a number is rational or irrational?
What is the difference between a rational number and a rational expression?
A rational number is a number that can be expressed as a fraction using integers, such as ,  or .
A rational expression is a fraction whose numerator and denominator are polynomials, such as ,  or .
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Display slide 4 of the PowerPoint for students to complete the following questions in their groups. Animate the slide to reveal solutions. 
1. Solve 
2. For what values of  is 
3. Simplify 
4. Sketch the graph of  
Facilitate a class discussion using the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to activate prior knowledge about inequalities and rational expressions. Some suggested prompts are:
What does it mean for an expression to be less than zero?
What do we need to consider when we multiply or divide an inequality by a variable?
How is the domain restricted for a function that has a variable in the denominator? 
How can graphs help us reason about inequalities?
Possible responses might include the following key learnings:
· An expression is less than zero when its graph is below the -axis.
· When multiplying or dividing an inequality by a variable, we must consider the sign of the variable because it can reverse the direction of the inequality if the variable is negative.
· For any function with a variable in the denominator, the domain is restricted to exclude values that make the denominator zero because division by zero is undefined.
· Graphs provide a visual representation of where an expression is positive or negative, which helps in solving inequalities.
Connecting learning
Multiple approaches to solving rational inequalities are demonstrated in this lesson. Teacher judgement should be used to determine the most appropriate method(s) to teach for your context.
1. Use slides 6–9 of the PowerPoint to connect learning to solving inequalities using graphical methods. Each slide contains prompting questions to facilitate a class discussion around solving inequalities that involve rational expressions with variables in the denominator.


Key learnings from this activity include: 
· Where the denominator is zero, the expression is undefined. These appear as vertical asymptotes. (You may wish to draw them in for your class to emphasise this.)
· The terminology ‘positive’ or ‘negative’ to describe sections of a graph above/below the -axis.
· Critical values such as -intercepts, points of intersection and asymptotes can be used to determine the behaviour of a rational expression.
· The sign of a rational expression changes at critical values.
1. Write the inequality   on the board and ask students, in pairs, to solve the inequality graphically.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss how pairs approached solving this inequality.
From the earlier activity, students should recognise that  produces a hyperbolic graph with a vertical asymptote at  and an -intercept at . 
Students should recognise that they will need to find where the rational expression is undefined (), graph 2 equations ( and ) to identify the critical value where they intersect () and observe the positioning of the graphs to determine where the inequality holds true. 
Students may be able to recognise that testing intervals around the critical values is also a suitable method.
The solution is .
1. Distribute Appendix A ‘Kayla’s working out’ for students to complete in their pairs.
In this activity, pairs discuss a worked solution to the above inequality that has been solved algebraically.
Using a Think-Pair-Share (bit.ly/thinkpairsharestrategy), guide students to reflect critically on the connections between graphical and algebraic methods to solve inequalities involving rational expressions with variables in the denominator. Some prompts to guide student thinking and discussion could include:
How do the critical values impact the solution when using algebraic or graphical methods?
How does testing intervals around critical values help in confirming the solution?
Discuss how the graph confirms or contradicts the algebraic solution.
What are the benefits and limitations of using a graph to solve inequalities involving rational expressions?
Releasing responsibility
1. Use slides 11–12 of the PowerPoint to model solving a rational inequality algebraically using critical values with the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
Unpack the solution on slide 11 before progressing to slide 12 to ensure students understand the symbols used.
Click to animate the ‘Worked example’ slide to show self-explanation prompts and click to animate the ‘Your turn’ slide to show the solutions.
1. Display the incorrect worked example on slide 13. Select to animate the slide for discussion prompts to appear and highlight the misconception around directly multiplying both sides of a rational inequality by the denominator. 
Students should recognise that directly multiplying both sides by the denominator can lead to incorrect solutions due to not considering where the expression is undefined or the denominator’s sign. 
1. Use slides 14–15 to model solving rational inequalities by multiplying by the square of the denominator and sketching a graph using the Worked examples (Your turn) method.
Guide students to recognise that multiplying by the square of the denominator ensures that the inequality is only being multiplied by a positive value, as squaring any number results in a positive number.
1. Distribute Appendix B ‘Solving inequalities’ for students to individually solve 2 inequalities using an appropriate method.
1. Ask students to turn and talk (bit.ly/classroomtalkmoves) to discuss their solutions. If methods differ, students should justify their choices and consider their partner’s reasoning to decide if they would keep the same method or change their approach.
1. Initiate a class discussion by calling on pairs to share back to the class. Some suggested prompts could be:
Did your chosen method make it easy to identify the critical values? How?
Did your chosen method give a clear picture of the solution? How?
Was your chosen method efficient? Why?
In what situation might your chosen method not be suitable?
Independent practice
1. Continuing in the same or different pairs, students are to create their own inequality similar to the examples that have been presented. 
1. Each pair should first solve their own inequality, annotating steps and justifying their solution, before giving their inequality to another pair of students to solve.
To deepen learning through collaboration and reflection, students should then compare solutions to each of the inequalities. Prompt students to:
identify one challenging or interesting feature of the inequality received
identify any differences in method or reasoning
discuss, if different methods were used, if both lead to the same solution and why.
Pairs are to provide peer feedback on their partner pair’s work, using the TAG (Tell, Ask, Give) model (bit.ly/DLSpeerfeedback), focusing on process, strategies and any errors.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
During the Pose-Pause-Pounce-Bounce, target specific students with appropriate challenge or support.
Provide think-aloud modelling to support students who benefit from verbal reasoning or slower pacing.
Connecting learning 
Encourage students to explore different approaches (graphing, testing intervals, algebraic solving) to provide agency and support diverse strengths.
Allow students to use graphing software to explore graphs dynamically to support visual learners.
Releasing responsibility
Prompts have been provided to support students when sharing back to the class. These can be modified or used to target specific students with appropriate challenge or support.
Additional methods that require more algebraic manipulation could be introduced. Such as rational expressions that require factorisation or bringing all non-zero terms to one side. When multiplying by the square of the denominator, students could continue with the algebraic manipulation of the inequality rather than sketching the parabola.
Independent practice
The activity provides an open opportunity for students to choose the complexity of their inequality. Encourage more capable students to include quadratic expressions in their inequality such as  or .
A bank of sample expressions could be provided for students struggling to create their own.


Suggested opportunities for assessment
Activating prior knowledge
Listen to students’ contributions in the group task and class discussion to assess understanding and justifications.
Use questioning to surface misconceptions about domain and sign changes.
Connecting learning 
Observe reasoning as students complete Appendix A. Note misconceptions, especially around sign changes and undefined points.
Collect and review Appendix A for clarity and alignment with correct solving steps.
Use responses to the class discussion prompts to evaluate conceptual understanding of why sign changes occur at critical values.
Releasing responsibility
Use questioning when modelling examples to ensure students understand why specific methods work.
As pairs discuss, listen for justified method selection, use of domain reasoning and how well they respond to alternative approaches.
Collect Appendix B to assess students’ ability to solve rational inequalities involving a variable in the denominator.
Independent practice
As pairs compare solutions, monitor the depth of their discussions, noting if students are identifying correct and incorrect steps and how they are comparing strategies.
Review how students comment on process and reasoning, not just final answers, when giving peer feedback.


[bookmark: _Appendix_A]Appendix A
Kayla’s working out
Kayla has correctly solved the inequality . 
Read through her working out and discuss it in pairs to list the steps she has taken to arrive at her solution.
Solve 
 is undefined (critical value)
Let 



 (critical value)
[image: A number line from zero to 15 showing the solution 5<x<12.]
for , let does not satisfy
for , let  satisfies
for , let  does not satisfy



[bookmark: _Appendix_B]Appendix B
Solving inequalities
Solve each inequality below using an appropriate method of your choice.
You will need to justify your choice to a partner.
	
	

	
	


Sample solutions
Appendix A – Kayla’s working out
Kayla’s steps include:
1. Identifying where the rational expression is undefined to find a critical value.
1. Solving the inequality as an equation to find a critical value.
1. Testing intervals around the critical values by substituting values into the inequality.
1. Identifying which test values satisfy and do not satisfy the inequality.
1. Showing the solution to the inequality on a number line.
Appendix B – solving inequalities
	
	

	Methods and responses will vary. 
Critical values are 
The solution is: 
This solution includes  because the equality holds and excludes  because the rational expression is undefined there.
	Methods and responses will vary. 
Critical values are 
The solution is: 
This solution includes  because the equality holds and excludes  because the rational expression is undefined there.
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