
[bookmark: _Hlk194056507]Introduction to combinations
Combinations are introduced and differentiated from permutations using ice cream as a context. Properties of combinations are modelled and developed before students practise solving problems using combinations.
Students will need at least one digital device per pair to engage with websites during this lesson.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To understand the concept of a combination.
Success criteria
I can explain what a combination is.
I can demonstrate the properties of combinations.
I can solve problems involving combinations.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses permutations and combinations to solve problems involving counting, ordering and probability ME1-11-04
Content
Permutations and combinations
Define a combination and use the notation nCr or  to represent the number of ways of selecting a subset of  objects from  distinct objects, where order is not important
Establish and use the formula nCr 
Show that nCn  nC0  and nC1  nCn-1 
Show that nCr  nCn-r, for  by selecting  objects from  distinct objects for inclusions and  objects from  distinct objects for exclusion
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	[bookmark: _Hlk198804129]Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students play the game on the Transum website ‘Ice cream starter of the day’ (bit.ly/Icecreamchoices) that restricts permutations with the same combinations.
	Think-Pair-Share
Notice and wonder
	This section aims to highlight the fact that order is not always important.

	Connecting learning
	Remind students that permutations (slide 5 of the PowerPoint Introduction to combinations) involve order, while combinations do not. Use the ice cream example to show that dividing by  removes repeated arrangements, introducing the combinations formula (slide 6). Demonstrate how to use the nCr button on calculators. Explore properties of combinations using a group of 5 students (slide 7), showing that choosing 2 from 5 is the same as choosing 3 (5C2 = 5C3), and that 5C1 = 5C4 and 5C0 = 5C5 (slides 8–9). Use the formula to explain and justify these patterns.
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
	This section aims to help students distinguish the difference between permutations and combinations, to introduce the combinations formula and to provide a visual representation of each of the properties.

	Releasing responsibility
	Distribute Appendix A and have students complete the questions, ensuring they show the appropriate combination notation alongside their answers. Next, give students Appendix B to complete. They should add examples for each rule and explain how and why each rule works.
	Variation Theory
Pose-Pause-Pounce-Bounce
Concept map
	This section allows students time to consolidate and formalise the different properties.

	Independent practice
	Students practise questions from an existing resource.
Use slides 11–12 to present 2 open middle activities.
	Visibly random groups of 3
Vertical non-permanent surfaces
	Students use Working mathematically skills to solve problems.



Activity structure
Please use the associated PowerPoint Introduction to combinations to display images in this lesson.
Activating prior knowledge
With at least one device between 2 students, have students navigate to the Transum website ‘Ice cream starter of the day’ (bit.ly/Icecreamchoices) and activate prior knowledge by completing the task.
This activity introduces students to the idea that order is not always important by highlighting when the same combination of ice cream scoops are selected but are in a different order.
The activity does allow for the same flavour to be repeated.
The activity does indicate when all combinations have been found.
If unable to access technology the same activity could be completed with students in visibly random groups of 3 using 6 different coloured counters (or symbols) to represent the different ice-cream flavours.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students discuss what they noticed and wondered during the activity (bit.ly/noticewonderstrategy).
Students should notice that the same flavour combination, but in a different order, was not allowed. Students should wonder how this affects the number of arrangements.
Ask students to calculate the number of arrangements of the ice cream flavours if the order did matter and compare it to the number of combinations.
Students should notice that there are less combinations than there were arrangements.
Activate students’ prior knowledge by asking them to share other scenarios they can think of where choosing things is important, but the order is not.
Reveal the learning intention and success criteria for the lesson using slide 3 of the PowerPoint.
Connecting learning
1. Remind students that a permutation is an arrangement of objects where order is important and define a combination as a selection of objects where order is not important.
Fun fact: a combination lock should really be called a ‘permutation’ lock because the order of the numbers does matter.
Returning to our ice-cream scenario, ask students to calculate the number of permutations of selecting 3 flavours from 6 flavours (we are no longer allowed to repeat flavours).
Tell students that when we choose our flavours, we don’t usually dictate to the server, the order that we want our flavours – we usually don’t care. Have students consider how they would need to reduce the number of arrangements to compensate for the different arrangements where the combination of flavours is the same.
Using the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) discuss:
How many different arrangements are there for each combination of 3 flavours?
Can you suggest how the calculation to find the number of permutations could be adjusted to find the number of combinations?
What is this calculation similar to?
Students should have realised that for each combination of 3 flavours, there are 6 or  different arrangements.
Students should realise that this calculation is similar to the adjustment we made when we had repetitions of identical items in our arrangements.
Display slide 5 of the PowerPoint to highlight how we can divide the number of arrangements by 3! to find the number of combinations.
Display slide 6 to generalise this calculation and formalise the combinations formula.
Show students how to calculate combinations using the nCr button on their calculator and allow students time to practise using an existing resource.
Properties of combinations
1. Inform students that, combinations, like permutations, have special properties which we will model using groups of people.
Choose 5 students to stand at the front of the room.
Have 2 students separate from the group to form a smaller group.
In a Think-Pair-Share, ask students to discuss the similarities and differences between choosing 2 from the group or choosing 3 from the group.
Students should realise that when you select the group of 2, you are selecting a group of 3 by default. This means that the number of ways of selecting a group of 2 is equal to the number of ways of selecting a group of 3.
Formalise students' thinking by using slide 7 of the PowerPoint, to develop the rule 
nCrnCn-r.
Continuing in their pairs, ask students to consider what other group sizes we can form from 5 people. Ask students to determine the number of combinations for each group size and to identify which groups had the same number of combinations?
Use the Pose-Pause-Pounce-Bounce questioning strategy for students to share their answers and reasoning. Prompt students to share anything interesting that they noticed.
Students should have noticed that  and . Use the Pose-Pause-Pounce-Bounce questioning strategy for students to explain why this is the case. Students may find it useful to act this out.
Using slides 8–9 and the combination formula, have students justify the property.
Releasing responsibility
1. Distribute Appendix A ‘Variation Theory’ to each student, which uses Variation Theory (variationtheory.com/introduction/). Have students complete the questions showing an appropriate combination notation as well as the answer.
Use the Pose-Pause-Pounce-Bounce questioning strategy to ask students to indicate which questions they could have answered without using their calculator and why.
Students should understand that selecting zero or all items results in 1, and selecting 1 item is equal to the number of items they are choosing from.
Distribute Appendix B ‘Concept map with examples’ to each student and have them complete notes to their future forgetful selves (bit.ly/DLS-concept-maps). Students should provide examples for each of the rules and write notes to explain why the rules work.
Independent practice
1. Students are to consolidate their understanding by practising questions from an existing resource.
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Display slide 11 of the PowerPoint, allowing students time to work on solving the problem.
Students would benefit from observing other students’ approaches.
Display slide 12 and again allow students time to complete the question before viewing other students work to check their answers and reasoning.
Use the Pose-Pause-Pounce-Bounce questioning strategy to ask students to explain when and why the number of combinations would equal the number of permutations. Encourage students to use factorial notation to explain their thinking.

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Encourage students to use a logical strategy to ensure they have found all combinations.
Students could be challenged by playing the more advanced game on the Transum website ‘Scouts in boats’ (bit.ly/scout-boat).
Connecting learning
Students may benefit from using coloured counters or Polypad to physically manipulate combinations and arrangements.
Students from non-English speaking backgrounds may benefit from identifying words that imply there is no order, such as choose, choice and groups.
Students may require more time to practise combinations questions before moving on to study the properties outlined in this section.
Releasing responsibility
If the class size does not allow for groups of 3, it is recommended to form random pairs, ensuring students continue working on vertical non-permanent surfaces. In the case of very small classes, the teacher should participate as a student, using their own vertical non-permanent surface to contribute responses that would typically emerge in larger classes.

Suggested opportunities for assessment
[bookmark: _Hlk147833561]Connecting learning
Teacher observes students during note making as evidence of learning the concept of combinations and how to calculate them.
Releasing responsibility
Review Appendix A to check for student understanding of calculating combinations and their use of notation.
Independent practice
Review solutions completed by groups for their mathematical communication and understanding between permutations and combinations.


[bookmark: _Appendix_A]Appendix A
[bookmark: _Appendix_B_1][bookmark: _Variation_theory]Variation Theory
Write each answer in factorial notation and as a numeral.
	1
	How many ways can you choose 3 flavours from 9 flavours?
	

	2
	How many ways can you choose 2 flavours from 9 flavours?
	

	3
	How many ways can you choose 3 flavours from 10 flavours?
	

	4
	How many ways can you choose 10 flavours from 10 flavours?
	

	5
	How many ways can you choose 8 flavours from 8 flavours?
	

	6
	How many ways can you choose 0 flavours from 10 flavours?
	

	7
	How many ways can you choose 0 flavours from 8 flavours?
	

	8
	How many ways can you choose 4 flavours from 10 flavours?
	

	9
	How many ways can you choose 6 flavours from 10 flavours?
	

	10
	What do you notice about the last 2 answers?
	

	11
	How many ways can you choose 9 flavours from 10 flavours?
	

	12
	How many ways can you choose 1 flavour from 10 flavours?
	

	13
	What do you notice about the last 2 answers?
	




[bookmark: _Appendix_B]Appendix B
[bookmark: _Appendix_C][bookmark: _Concept_map_with]Concept map with examples
Write an example in each section of the mind map.

Sample solutions
Appendix A – Variation Theory
	1
	How many ways can you choose 3 flavours from 9 flavours?
	

	2
	How many ways can you choose 2 flavours from 9 flavours?
	

	3
	How many ways can you choose 3 flavours from 10 flavours?
	

	4
	How many ways can you choose 10 flavours from 10 flavours?
	

	5
	How many ways can you choose 8 flavours from 8 flavours?
	

	6
	How many ways can you choose 0 flavours from 10 flavours?
	

	7
	How many ways can you choose 0 flavours from 8 flavours?
	

	8
	How many ways can you choose 4 flavours from 10 flavours?
	

	9
	How many ways can you choose 6 flavours from 10 flavours?
	

	10
	What do you notice about the last 2 answers?
	They are the same

	11
	How many ways can you choose 9 flavours from 10 flavours?
	

	12
	How many ways can you choose 1 flavour from 10 flavours?
	

	13
	What do you notice about the last 2 answers?
	They are the same


The shaded questions, students should be able to determine without their calculator.

Independent practice
(see slides 11–12 of the PowerPoint)
1. 8C2, 8C6, 7C2, 7C5, 6C3
1. 6C35P2, 6C53P2, 6C13P2
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