
Circular permutations
People are used to model permutations to show students the difference between permutations in a line and a circle. 
Learning intentions
To understand why calculating arrangements in a circle is different than in a straight line.
To apply methods to calculate the number of possible arrangements of items in circular permutations.
Success criteria
I can explain why the number of ways to arrange  distinct objects in a circle is .
I can calculate the number of arrangements in a circle.
I can calculate the probability of an event occurring if items are arranged in a circle.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses permutations and combinations to solve problems involving counting, ordering and probability ME1-11-04
Content
Permutations and combinations
Explain why the number of ways to arrange  distinct objects in a circle is 
Solve problems involving circular arrangements of distinct objects with or without restrictions on the placement of one or more objects
Solve problems involving permutations, including situations where the objects are not all distinct
Solve probability problems involving permutations and combinations
NSW Department of Education	[image: NSW Government logo.]

Circular permutations | 2
Mathematics Extension 1 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.
education.nsw.gov.au	
2	Alphabet soup
© NSW Department of Education, Jun-25	[image: Creative Commons Attribution license logo.]
Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students answer the problem on slide 4 of the PowerPoint Circular permutations. This leads into a discussion on the difference between rectangular tables and circular tables. 
	Think-Pair-Share
	Students retrieve prior learning by calculating permutations in a straight line and consider circles instead of lines. 

	Connecting learning
	Five students form a line and then create a circle and rotate to show that the order does not change when the circle rotates. Students are then shown how to calculate the arrangements by fixing a certain person in the circle. Use slide 6 to formalise the rule.
	Think-Pair-Share 
Notice and wonder
Pose-Pause-Pounce-Bounce
	The practical activity models a scenario and uses a concrete representation as a scaffold for students to realise that there will be less arrangements in a circle than in a straight line.

	Releasing responsibility
	Use slides 8–13 to model worked examples of calculating the number of permutations in a circle with and without restrictions.
Students practise from an existing resource, then complete Appendix A to make notes.
	Worked examples (Your turn)
Vertical non-permanent surfaces
Visibly random groups of 3
Four quadrant notes
	Formalise the learning and allow students time to practise.

	Independent practice
	Use slide 15 to illustrate the ‘Approaching questions scaffold’.
Students practise Problem 2, using slides 16–19 and the ‘Approaching questions scaffold’.
Use Appendix B for Problem 3. 
	Vertical non-permanent surfaces
Visibly random groups of 3
Assessing and advancing questions
	Problem 2 incorporates restrictions and probability, and Problem 3 asks students to incorporate algebra.



Activity structure
Please use the associated PowerPoint Circular permutations to display images in this lesson.
Activating prior knowledge
Display slide 4 of the PowerPoint and ask students to complete Problem 1.
Animate slide 4 to reveal solutions so students can check for understanding.
Tell students that they are organising a sit-down dinner for the Year 12 formal and they need to decide if they prefer to use round tables or rectangular tables.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy) have students make connections to their personal experiences to discuss the advantages and disadvantages of the different table types.
Students may suggest that rectangular tables take up less room but may have a person seated at the end of the table and that with circular tables each person has a person seated on either side of them.
Connecting learning
1. Ask 5 people to come to the front of the room and stand in a line. Have students use their prior knowledge of permutations to calculate the number of ways the 5 people can be arranged.
If there are fewer than 5 students, use concrete materials or objects in Polypad (polypad.amplify.com/p) to model the scenario.
Deepen student thinking by asking the 5 people to form a circle and have students predict if this changes the number of arrangements.
Ask the 5 people standing in the circle to move one place clockwise and using a Think-Pair-Share ask students what they notice and wonder (bit.ly/noticewonderstrategy). Repeat if needed by asking students to move another place clockwise.
Students should notice that the order has not changed, only the position has changed. They may wonder how this may affect the number of possible arrangements.
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to check for understanding by discussing:
How does the rotation of positions affect the number of permutations? 
Do you expect there to be more or fewer arrangements in a circle than in a straight line? Why?
The rotation of positions causes 5 identical placements. If students are confused about why they are the same, the teacher could model this concept using beads on a bracelet as another example. 
Pose the question ‘Can you find out how many different arrangements are possible?’ to the group of students standing in the circle 
Encourage students to move positions and count each new arrangement or to develop a strategy that helps them to establish a pattern. Encourage other students in the class to give suggestions to help the 5 standing students. 
Ask one student to remain in a fixed position while the other students change places around them. Use this setup to prompt deeper thinking by having students calculate the number of possible arrangements with one person fixed.
 arrangements are possible. To help students visualise this, have the other 4 students unwrap the circle to form a line and consider the number of arrangements of students in a line if one person must occupy the first position.
Fix a different person in the circle and ask students, in a Think-Pair-Share, what they notice and wonder about the number of arrangements.
Students should notice that it does not matter which person is fixed, the answer is always the same. They may wonder if this happens for all arrangements in a circle.
Display slide 6 of the PowerPoint to formalise the rule. 
Start a class discussion using the Pose-Pause-Pounce-Bounce questioning strategy to check students' understanding of why the number of circular arrangements is equal to the factorial of one less than the number of items arranged in a line.
Subtracting one accounts for items being in the same order but the circle being rotated to different positions.
Releasing responsibility
1. Use slides 8–13 of the PowerPoint to model finding arrangements of items in circles using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
The question is scaffolded so that it has 3 parts, labelled a, b and c. Animate the slides to reveal self-explanation prompts and worked solutions.
Students should complete practice questions from an existing resource to consolidate their understanding of permutations in a circle with and without restrictions.
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) on a vertical non-permanent surface (bit.ly/VNPSstrategy) and ask them to complete Four quadrant notes to their future forgetful selves (bit.ly/supportingstrategies) using Appendix A ‘Four quadrant notes’ 
Independent practice
1. Use slide 15 of the PowerPoint to activate prior knowledge of the ‘Approaching questions scaffold’ for students. 
The ‘Approaching questions scaffold’ offers students a structured framework to tackle all questions. Each stage is accompanied by an icon that corresponds to different aspects of the solution process.
2. With students still in their visibly random groups of 3, at vertical non-permanent surfaces, display the following problem found on slide 16. 
5 boys and 5 girls are seated alternately around a circular table. Jack hopes he will be sitting next to Mary. What is the probability that Jack will get to sit next to Mary? 
3. Ask students assessing and advancing questions (bit.ly/supportingstrategies) to check for understanding and deepen student thinking. Some suggestions are provided in the following table:
Table 2: assessing and advancing questions
	Assessing questions
	Advancing questions

	How many ways can you arrange 5 boys around a circular table without any restrictions?
	Can you find the total number of arrangements without restriction? 

	What is the purpose of fixing one person's position when calculating permutations in a circle? Does having boys and girls alternate change this?
	If we wanted to know the probability of Jack sitting next to any of the girls other than Mary, would your approach need to change?

	If Jack is fixed in one position, how many possible ways can Mary be positioned adjacent to him?
	How would the solution change if there were 6 boys and 6 girls?




4. Display slides 17–19 to display the solution. 
The sample solutions at the end of this document contain a detailed explanation of each step of the solution.
Students may choose to fix Mary instead of Jack but should realise that the solution and the answer is the same.
5. Distribute Appendix B ‘Problem 3’ to each group, which contains a question with restrictions and probability. Allow students time to work in their groups on the vertical non-permanent surfaces to complete the problem.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Challenge students to find the number of ways Bob could sit at either end.
Students may benefit from acting out the movie seating scenario or be prompted to use a diagram.
Releasing responsibility
If the class size does not allow for groups of 3, it is recommended to form random pairs, ensuring students continue working on vertical non-permanent surfaces. In the case of very small classes, the teacher should participate as a student, using their own vertical non-permanent surface to contribute responses that would typically emerge in larger classes.
Challenge students to leave all answers in factorial notation and simplify fractions by reducing factorials.
The worked examples could be simplified or made more challenging to meet the needs of your students.
Independent practice
A scaffold could be provided to assist students in answering Problem 2.
Assessing and advancing questions could be used for Problem 3.


Suggested opportunities for assessment
Activating prior knowledge 
Problem 1 could be collected as formative assessment for this unit, checking students' understanding of finding permutations with restrictions.
Students have opportunities to contribute to and hear from pair and class discussions. These discussions act as opportunities for self and peer reflection.
Releasing responsibility
Monitor students’ responses during the Worked examples (Your turn) process to check for understanding of circular permutations.
Review students' Four quadrant notes for understanding of finding permutations and probabilities of events in a circle. 
Independent practice
Students working on vertical non-permanent surfaces allows the teacher to assess student progress and provide support where appropriate.

[bookmark: _Appendix_A]Appendix A
Four quadrant notes
	Example 1
How many ways can 8 friends stand in a circle?


How many ways can 2 people stand together in the circle?


What is the probability the 2 people stand together? 

	Example 2
What is the probability that 3 friends will sit together if 6 friends are seated around a circular table.
Total arrangements
Arrangements with 3 together
Probability 

	Things to remember
	Example 3




[bookmark: _Appendix_B]Appendix B
Problem 3
For  beads, find the number of arrangements possible:
1. in a straight line
1. in a circle
1. in a straight line if 2 beads are identical
1. in a circle if 2 beads are identical
1. in a straight line if 2 beads must be next to each other
1. in a straight line if 2 beads cannot be next to each other
1. in a circle if 2 beads must be next to each other
1. in a circle if 2 beads cannot be next to each other.
Sample solutions
Appendix A – Four quadrant notes
	Example 1
1. How many ways can 8 friends stand in a circle?


1. How many ways can 2 people stand together in a circle?


1. What is the probability the 2 people stand together? 

	Example 2
What is the probability that 3 friends will sit together if 6 friends are seated around a circular table.
Total arrangements


Arrangements with 3 together

Probability 


	Things to remember
Suggests points for students to remember
Identify circle in the question
Always subtract 1 to accommodate the circle.
Draw image of arrangement in straight line with 1 less to consider.
Only subtract 1 once where there are alternate seating and separate into 2 lines.
	Example 3
It is suggested students use an existing problem that contains alternate arrangements.


Independent practice – Problem 2
Counting the total number of seating arrangements
	Arranging the boys

	Fix one of the boys and then arrange the others. 

	Arranging the girls

	The girls are calculated as if they are in a straight line. 

	Total arrangements 

	Multiply the 2 previous answers.

	Arranging the boys so Jack is next to Mary

	Fix Jack in a position. Jack’s fixed position can be the same as the fixed position for circle arrangements.

	Consider Mary’s position

	Mary can sit either side of Jack.

	Arrange the other girls 

	4 girls remain which can be placed in any of the 4 chairs between the boys. 

	Total arrangements with Jack next to Mary

	Multiply the 3 previous answers. 

	P(Jack next to Mary) 
	Simplifying in factorial notation.





Appendix B – Problem 3
For  beads, find the number of arrangements possible:
1. 









References
This resource contains NSW Curriculum and syllabus content. The NSW Curriculum is developed by the NSW Education Standards Authority. This content is prepared by NESA for and on behalf of the Crown in right of the State of New South Wales. The material is protected by Crown copyright.
Please refer to the NESA Copyright Disclaimer for more information https://educationstandards.nsw.edu.au/wps/portal/nesa/mini-footer/copyright.
NESA holds the only official and up-to-date versions of the NSW Curriculum and syllabus documents. Please visit the NSW Education Standards Authority (NESA) website https://educationstandards.nsw.edu.au/ and the NSW Curriculum website https://curriculum.nsw.edu.au/.
Mathematics Extension 1 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.


© State of New South Wales (Department of Education), 2025
The copyright material published in this resource is subject to the Copyright Act 1968 (Cth) and is owned by the NSW Department of Education or, where indicated, by a party other than the NSW Department of Education (third-party material).
Copyright material available in this resource and owned by the NSW Department of Education is licensed under a Creative Commons Attribution 4.0 International (CC BY 4.0) license.
[image: Creative Commons Attribution license logo.]
This license allows you to share and adapt the material for any purpose, even commercially.
Attribution should be given to © State of New South Wales (Department of Education), 2025.
Material in this resource not available under a Creative Commons license:
· the NSW Department of Education logo, other logos and trademark-protected material
· material owned by a third party that has been reproduced with permission. You will need to obtain permission from the third party to reuse its material.
Links to third-party material and websites
Please note that the provided (reading/viewing material/list/links/texts) are a suggestion only and implies no endorsement, by the New South Wales Department of Education, of any author, publisher, or book title. School principals and teachers are best placed to assess the suitability of resources that would complement the curriculum and reflect the needs and interests of their students.
If you use the links provided in this document to access a third-party's website, you acknowledge that the terms of use, including licence terms set out on the third-party's website apply to the use which may be made of the materials on that third-party website or where permitted by the Copyright Act 1968 (Cth). The department accepts no responsibility for content on third-party websites.

image1.png




image2.png
NSW

GOVERNMENT





image3.svg
                              


