
Permutations with repetition
Students use DNA sequencing to model permutations with repetition and transfer this learning to the order of letters in the names of different polygons.
Reveal learning intentions and success criteria at the end of the ‘Activating prior knowledge’ section of this lesson.
Learning intention
To be able to solve problems with permutations involving the repetition of objects.
Success criteria
I can identify repetition in an arrangement.
I can explain how to modify permutation calculations to account for repetition.
I can solve permutation problems where objects are not distinct.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses permutations and combinations to solve problems involving counting, ordering and probability ME1-11-04
Content
Permutations and combinations
Solve problems involving permutations, including situations where the objects are not all distinct
Solve probability problems involving permutations and combinations
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Show the video ‘What is Genomic Sequencing?’ (2:10) (bit.ly/sequencingwithDNA) and use slide 3 of the PowerPoint Permutations with repetition to explain DNA chains to students. Students find the number of arrangements of a 4-base chain ACTG.
	Think-Pair-Share
	This section aims to extend on prior learning to develop the need for a new strategy to deal with repetitions.

	Connecting learning
	Students explore the number of arrangements of the letters G, A, C, T, G, and observe what happens when identical letters are swapped. Students add additional Cs and As, to see how repetition affects the total number of unique arrangements.
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Students develop an understanding that repeated elements reduce the number of distinguishable arrangements and that this is calculated by dividing by the factorial of the repeated items.

	Releasing responsibility
	Use slides 9–10 for the explicit teaching of calculating the number of arrangements with repetition. Use slide 11 to formalise the rule.
Use Appendix A for student practice.
Use Appendix B for students to make notes.
	Worked examples (Your turn)
Visibly random groups of 3
Vertical non-permanent surfaces
Think-Pair-Share
Four quadrant notes
	The purpose of this section is to formalise the learning and allow students to practise.

	Independent practice
	Use slides 13–17 for students to practise HSC style questions using the ‘Approaching questions scaffold’ found on slide 10.
	Visibly random groups of 3
Vertical non-permanent surfaces
	Problem 1 involves restrictions and repetition. Problem 2 requires decision making and justification.



Activity structure
Please use the associated PowerPoint Permutations with repetition to display images in this lesson.
Activating prior knowledge
1. Show students the video ‘What is Genomic Sequencing? (2:10)’ (bit.ly/sequencingwithDNA) up to 0:49.
1. Display slide 3 of the PowerPoint to show an image of 10 base pairs. Animate the slide to remove the bottom half of each pair. Tell students this is the part of the DNA we are looking at in this lesson.
1. Ask students to consider how many ways we could arrange one of each base A, C, G and T. 
There are 4! ways.
1. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students attempt to calculate the number of possible arrangements for the 10 letters displayed on slide 3. Tell students that the answer is not .
At this stage, students will struggle to find an answer because they will not understand that the repetition of letters is a problem. They will develop the need to account for this in the following sections of the lesson.
1. Reveal the learning intention and success criteria to students using slide 4.
Students may be interested to know that a single DNA strand from one cell is about 2 metres long and contains about 3 billion base pairs.
Connecting learning
1. Distribute 8 sticky notes to each pair of students and ask students to write the letters G, A, C, T and G on the sticky notes, one letter on each note. The 3 remaining sticky notes will be used later in the lesson.
Students need all 8 of their sticky notes to be the same colour.
1. Ask students to lay out one possible arrangement of the letters G, A, C, T and G using their sticky notes.
1. In pairs, one student turns their back while the other student rearranges the sticky notes. The first student then turns around and attempts to identify what was moved.
1. In a Think-Pair-Share, ask students to discuss if there was a way they could rearrange the sticky notes so that their partner could not detect the change.
Students should realise that if they swap the G sticky notes, the order stays the same and the change is undetectable. They may wonder what effect this has on the total number of arrangements.
The manipulation of the sticky notes assists students to visualise the changes and understand the implications of having 2, G sticky notes. 
1. In a Think-Pair-Share, deepen student thinking by having them consider what effect this will have on the total number of arrangements.
Students should realise that for every arrangement, there is a matching arrangement with the G’s swapped. Students should realise that this means they need to divide the number of arrangements by 2.
1. Ask students to write another C on a new sticky note so there are now 2 G’s, 2 C’s, an A and a T.
1. In a Think-Pair-Share, ask students to discuss how many arrangements there are now.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) for students to share the number of arrangements and their reasoning.
Students should notice that for every arrangement, there is an identical arrangement with the G’s swapped, an identical arrangement with the C’s swapped and another arrangement with both the G’s and the C’s swapped.
For example, for the arrangement  there will be arrangements , , and  that are identical. This can be shown on slide 6 of the PowerPoint.
This means that the number of arrangements would need to be divided by 4.
1. Pose the following question to deepen student thinking ‘If the number of possible arrangements is halved when 2 of the same letter is used, what effect will using 3 of the same letter have?’
1. Have students write an A on their remaining 2 sticky notes and, in their pairs, consider how many arrangements there would be if we just use the letters C, A, A, A, G and T.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to share student answers and reasoning. 
Slide 7 can be used to illustrate that the A’s can be arranged in 3! ways, so the total number of arrangements needs to be divided by 3! or 6.
Releasing responsibility
1. Use slides 9–10 of the PowerPoint for modelling finding arrangements of items with repetition using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Animate the slide to display self-explanation prompts and solutions.
2. Display slide 11 to formalise the rule.
It is not recommended that the students learn this rule but rather understand how to apply the rule to arrangements with repetition.
3. In a Think-Pair-Share, deepen student thinking by having them discuss what the statement means and why it is there. Students may like to reference the worked example to aid their thinking.
The statement is given because the total number of parts cannot exceed the total number of objects.
4. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at a vertical non-permanent surface (bit.ly/VNPSstrategy).
5. Distribute Appendix A ‘Polygons’ to each group and ask students to match the words which have the same number of arrangements of letters.
6. Allow students time to do a gallery walk (bit.ly/DLSgallerywalk) to provide and receive feedback from other groups.
If needed, allow students time to practise questions from an existing resource.
7. Have students create Four quadrant notes (bit.ly/supportingstrategies) using Appendix B ‘Four quadrant notes’.
Independent practice
1. Display slide 13 of the PowerPoint, reminding students of the ‘Approaching questions scaffold’.
2. Continuing in their groups at vertical non-permanent surfaces, have students attempt the 2 problems below. These problems and their solutions can be found on slides 14–17.


Problem 1
Using the letters from the word COMBINATORICS, find the number of possible arrangements if the vowels can only move to where there is currently a vowel.
Problem 2
There is a test with 10 multiple-choice questions with options A, B, C and D for each. The teacher wants to help her students and tells them there are 3 C’s, 3 A’s, 2 B’s and 2 D’s. Is this helpful or not? Find the probability that a student will get the answers correct.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Students may find the concept of DNA confusing. The same activity may be completed without the context of DNA and just using the letters.
Connecting learning
Students may benefit from writing out the different options for each arrangement.
To challenge students, ask them to find the probability that the A’s are together.
Releasing responsibility
If the class size does not allow for groups of 3, it is recommended to randomly form pairs, ensuring students continue working on vertical non-permanent surfaces. In the case of very small classes, the teacher should participate as a student, using their own vertical non-permanent surface to contribute responses that would typically emerge in larger classes.
If the formalisation of the rule may confuse students, it can be omitted.
Probability or restrictions could be added to the Worked examples (Your turn) to make them more challenging.
Independent practice
A scaffold has been provided to assist students in developing their ability to approach questions.
The problems could be modified to involve scaffolded steps.
Assessing and advancing questions (bit.ly/supportingstrategies) could be used for the problems provided.


Suggested opportunities for assessment
Activating prior knowledge
The teacher should monitor students' responses for understanding of finding arrangements with no repetition through Think-Pair-Share activities.
Releasing responsibility
Monitor students’ responses in the Worked example (Your turn) to check for understanding of finding the permutations of objects with repetition.
Review students' Four quadrant notes to check for understanding of finding permutations given repetition.
Monitor students' responses to Appendix A for working and fluency.
Independent practice
Students working on vertical non-permanent surfaces allows the teacher to assess student progress and provide support where appropriate.
[bookmark: _Appendix_A]

Appendix A
Polygons
	quadrilateral
	pentagon
	hexagon

	heptagon
	octagon
	nonagon

	decagon
	hendecagon
	dodecagon

	tridecagon
	tetradecagon
	pentadecagon

	hexadecagon
	heptadecagon
	octadecagon

	enneadecagon
	icosagon
	triangle




[bookmark: _Appendix_B]Appendix B
Four quadrant notes
	Example 1
How many ways can the letters in the word MATHEMATICS be arranged?

	Example 2
How many ways can the letters in the word MISSISSIPPI be arranged?

	Things to remember
	Example 3


Sample solutions
Appendix A – polygons
	Polygon
	Polygon match
	Solution 

	triangle
	heptagon
	

	quadrilateral 
	
	

	pentagon
	icosagon
	

	hexagon
	decagon 
	

	octagon
	
	

	nonagon
	
	

	hendecagon 
	
	

	dodecagon
	
	

	tridecagon 
	
	

	tetradecagon 
	pentadecagon 
	

	hexadecagon
	
	

	heptadecagon
	
	

	octadecagon 
	
	

	enneadecagon 
	
	



Appendix B – Four quadrant notes
	Example 1
How many ways can the letters in the word MATHEMATICS be arranged?

	Example 2
How many ways can the letters in the word MISSISSIPPI be arranged?
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