
Permutations with restrictions
Students are explicitly taught a technique to calculate the number of permutations when arranging a class with restrictions and then explore the different ways a class can be arranged under various restrictions. 
Learning intention
To understand how restrictions impact the number of possible permutations for a given set of objects in a line.
Success criteria
I can calculate the number of arrangements of objects in a line.
I can explain what a restriction is and provide an example. 
I can calculate the number of arrangements of objects in a line with restrictions.
I can calculate the probability of an event that involves permutations with restrictions.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses permutations and combinations to solve problems involving counting, ordering and probability ME1-11-04
Content
Permutations and combinations
Define a permutation as an ordered selection of some or all objects from a set of distinct objects
Use the notation nPr   to represent an ordered selection of  objects from  distinct objects and observe that nPn  and nP0 
Use the multiplication principle to establish that the number of ordered selections of  objects from  distinct objects is  and show that
nPr 
Solve problems involving permutations with restrictions on the placement of one or more objects
Solve probability problems involving permutations and combinations
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Tell students you’re going to take a class photo, but the teacher must be positioned in the middle. Explain that this is a restriction and ask students to calculate how many ways the class can line up with that condition. The number of possible arrangements will vary depending on class size, and for an even number of people, choose either of the 2 central positions. 
	Visibly random groups
Vertical non-permanent surfaces
Pose-Pause-Pounce-Bounce
	Students should notice that when an object is in a particular position, it can be ignored, and the other objects are arranged around it in a line.

	Connecting learning
	Have students consider how the number of arrangements would change if the teacher were positioned at the far right instead of the middle. Prompt them to explain and represent their thinking visually. Then, ask what would change if a student had to be in the middle and the teacher could not. 
	Pose-Pause-Pounce-Bounce
Turn and talk
	Guide discussion to highlight that the total number of arrangements remains the same, as one position is still fixed—illustrating the commutative property.

	Releasing responsibility
	Display slide 4 of the PowerPoint Permutations with restrictions to introduce a scenario involving one teacher and 6 students. Use slides 5–8 to model worked examples on calculating permutations with fixed positions. Students then complete Appendix A, applying these strategies. Follow this with slides 9–12, which introduce problems involving people who must stay together. Students apply these concepts through Appendix B.
	Worked examples (Your turn)
Visibly random groups
Vertical non-permanent surfaces
Gallery walk
Notes to future forgetful selves
	Identify different strategies to calculate the number of arrangements of items, when particular items must stay together.

	Independent practice
	Distribute Appendix C. In this activity, students use a set of number cards to decide which scenario is more likely before calculating the probability of each.
	
	This activity consolidates their estimation skills and understanding of permutations with restrictions.



Activity structure
Please use the associated PowerPoint Permutations with restrictions to display images in this lesson.
Activating prior knowledge
Throughout the lesson the teacher should encourage students to act out the scenarios either physically or using concrete materials such as counters. 
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Tell students that you’d like to take a class photo, but you (the teacher) must be in the middle. Define the teacher being in the middle as a restriction and ask students to find how many ways everyone could line up for the photo if they are all in a straight line.
This activity ranges in difficulty depending on how many students are in your class.
If there are an even number of people in your class (including the teacher), it is suggested you select either of the positions that are in the middle.
Gather information about student strategies by initiating a sharing of responses and reasoning using the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce). Below are some suggested prompts:
How did you approach this problem?
How was this similar or different to the problems we have completed before?
Students should connect that this is similar to problems they have solved before, as it has distinct objects arranged in a line. Students have also considered scenarios during Lesson 1 – multiplication principle of Unit 1 – permutations and combinations, where a particular object needed to occupy a specific position. 
Students may notice that when an object is in a particular position, it can be ignored, and the other objects can be arranged around it in a line.
Connecting learning
1. Have students continue in their visibly random groups of 3 on vertical non-permanent surfaces.
1. In a turn and talk (bit.ly/classroomtalkmoves), have students connect their learning by suggesting any changes that might occur to the number of arrangements, if the teacher was positioned to the very right of the class. Encourage students to act out the scenario or draw visual representations to communicate their thinking.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to check for understanding by discussing what changed and why.
Students should note that the solution doesn’t change, as there is still one position that is fixed for one person. This is an example of the commutative law ().
1. In another turn and talk, deepen student thinking by asking students what would change if a student had to be in the middle, and if the teacher could not be in the middle.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to discuss how these questions are related and why.
Students should make the connection that the number of arrangements with a student in the middle is the same as the number of arrangements with the teacher not in the middle.
Students’ responses to the previous questions can determine the amount of time you spend on modelling worked examples.
Releasing responsibility
1. Display slide 4 of the PowerPoint, which shows one male teacher (A), 2 male students (B–C) and 4 female students (D–G) and let students know that the following examples and activities will all relate to this group of people.
Highlight to students that the males are represented in orange, the females in green, and that the teacher is labelled ‘A’ and slightly larger.
1. Use slides 5–8 to model calculating permutations with fixed restrictions using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Animate the slides to see self-explanation prompts and solutions.
1. Returning to their visibly random groups of 3 on vertical non-permanent surfaces, distribute Appendix A ‘Fixed positions’, which has guided practice related to the class photo for the people on slide 4.
1. The following prompting questions can be used to check for understanding or deepen student thinking whilst they are completing Appendix A ‘Fixed positions’.
Table 2: prompting questions for Appendix A
	Check for understanding
	Deepen student thinking

	How many people are being arranged?
	How many people are arranged if one is fixed? 

	Would the number of permutations change if the fixed position was changed? 
	How would you approach this for  amount of people in the class?

	What changes now that 2 people are fixed?
	How many positions are available for the teacher to stand if they can’t stand on the left?

	What happens when there are more places the teacher can’t stand?
	How many ways can the remaining people be arranged if they don’t have restrictions?

	What changes when it doesn’t matter if it is a male or female on the end? How did you approach this?
	If the order doesn’t matter with who stands on the end, how many options are there for those positions?


1. Have students conduct a gallery walk (bit.ly/DLSgallerywalk) to see other groups' approaches to different problems, noting what is similar and what is different.
The gallery walk can be completed multiple times, to remind students to mobilise their knowledge by looking at other students’ work.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to start a class discussion to check for understanding about how students approached the problems. Some suggested prompts include:
What were the similarities and differences between the way you approached each problem?
What strategies did you use to find the answer?
How did you calculate the number of permutations when a person could not be in a certain position?
Students may note that for questions where people could not be placed in a certain position, it was easier to calculate how many permutations there were when they were in that position and subtract it from the total number of permutations.
1. Use slides 9–12 to model permutations where certain objects must be together using the Worked examples (Your turn) method. Animate the slides to reveal self-explanation prompts and solutions.
1. Returning to their visibly random groups of 3 on vertical non-permanent surfaces, distribute Appendix B ‘Objects relative to each other’, which has a variety of scenarios related to the class photo for the people on slide 4.
1. Use the following prompting questions to check for understanding or deepen student thinking.
Table 3 – prompting questions for Appendix B

	Check for understanding
	Deepen student thinking

	Why have you grouped those students together?
	What if we had more groups that wanted to stay together, how would that change our approach?

	How does having 2 separate groups affect the arrangement?
	Could we solve these problems using a different method, especially if we know the total number of cases?

	How can we count arrangements where B and C (or B, C and D) are not adjacent (next to each other)?
	How does this approach change if we had three or more students who couldn't be adjacent (next to each other)?

	How can we account for both conditions (B and C together, D and E apart) in our calculations?
	If we first count the cases where B and C are together, how can we then ensure D and E are apart?

	How does alternating restrict the number of ways we can arrange students?
	How would our answer change if we added or removed one student?


1. Have students conduct a gallery walk to see the approaches of other groups, noting what is similar and what is different.
1. [bookmark: _Hlk196667274]Use the Pose-Pause-Pounce-Bounce questioning strategy to start a class discussion about groups’ approaches to the problems. Some suggested prompts include:
What strategies did you use to find the answer?
What were the similarities and differences in your approach to each problem?
Students may note that some questions needed multiple calculations. This occurs when the groups needed to be together but could be arranged in any order or when finding the arrangements for objects that could not be placed together.
1. In a turn and talk, deepen student thinking by asking students to discuss how their answer would differ if they were asked to find the probability of the different photo scenarios occurring.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to initiate a sharing of reasoning and responses.
Students should recognise that finding the probability of each arrangement is the same as finding the number of favourable outcomes divided by the number of total arrangements. 
1. Students are to create notes to their future forgetful selves (bit.ly/notestofutureself) on solving problems that involve permutations with restrictions. Some suggested prompts include:
What strategies did you use when given different restrictions?
What different restrictions did you come across? How did that change the strategy you used to solve?
How do you calculate the probability of an arrangement with restrictions?
Independent practice
1. Distribute Appendix C ‘Which is more likely?’ to each student. In this activity, students are presented with a set of scenarios and they must decide which scenario is most likely to occur before calculating the probability of each event.
This activity is designed for students to consolidate their estimation skills and their knowledge of solving problems that involve permutations with restrictions. 

Assessment and differentiation
Suggested opportunities for differentiation
Activate prior knowledge
Adjust the number of people included in the activity to suit different levels of challenge.
Before attempting the problem on paper, students may benefit from physically lining up for a class photo or using concrete objects to represent people. This helps them visualise the scenario before drawing or modelling it on vertical non-permanent surfaces.
Releasing responsibility
Prompting questions are provided in Appendix A and B to support deeper thinking and reasoning.
For the second worked example and tasks in Appendix B, students may benefit from using concrete materials (for example, attaching small objects together) to explore how restrictions affect the order and number of arrangements.
Extend students by asking them to create their own permutation problems related to the class photo context.
Scaffold more complex problems by providing guiding questions or partial worked examples (for example, fill-in-the-box formats) to build student confidence in handling permutations with restrictions.
Support note-taking by providing sentence starters or structured prompts to help students write clear notes to their future forgetful selves.
Extend learning by introducing the generalised form for permutations involving n objects and various types of restrictions.
Independent practice
Enable students to engage with Appendix C by giving then numbered cards to approach the problems concretely.
Students can solve the problems in groups or individually. 
To enable students, encourage them to unroll the factorials in Appendix C to build their understanding of simplifying expressions involving factorials.
Suggested opportunities for assessment
Activate prior knowledge
Student responses to the class photo scenario can serve as a formative assessment of their understanding of permutations with restrictions. If students show confidence with the concept, you may choose to accelerate the pace or reduce the time spent on Appendix A.
Working in groups of 3 allows students to receive peer feedback on their understanding and problem-solving strategies, helping to reinforce or clarify key ideas.
Releasing responsibility
Questions included in Appendix A and B provide opportunities for students to apply their understanding of permutations with restrictions, demonstrate problem-solving strategies, and justify their reasoning.
Student responses to these prompts can be collected as work samples to assess their grasp of solving problems involving permutations with restrictions.
Reviewing students’ notes written to their future forgetful selves can provide insight into their level of understanding and ability to explain their problem-solving process in their own words.
Independent practice
Student responses to Appendix C can be collected as evidence of their understanding and application of permutations with restrictions.

[bookmark: _Appendix_A]Appendix A 
[bookmark: _Fixed_positions]Fixed positions
A class consists of one male teacher (A), 2 male students (B, C) and 4 female students (D, E, F, G). For each of the following questions, discuss what has changed from the previous questions and estimate what the answer will be before calculating it.
How many ways can the class be arranged if:
1. The teacher must be in the position third from the left.
The teacher must be on the end.
Student B must be at the very left of the picture and student C must be on the very right.
Students B and C must be on the ends of the picture.
The photo has only 3 people and the teacher must be in the middle.
The teacher does not want to be in the middle of the photo.
The teacher does not want to be on either end of the photo. 
A male must always be on the very left.
A female must be on the very left and right.
A male must be on the very left and a female on the very right.
A male and a female must be on the very left and right in any order.


[bookmark: _Appendix_B]Appendix B
[bookmark: _Objects_relative_to]Objects relative to each other
A class consists of one male teacher (A), 2 male students (B, C) and 4 female students (D, E, F, G). For each of the following questions discuss what has changed from the previous questions and estimate what the answer will be before calculating it.
How many ways can the class be arranged if:
1. Students B and C want to stand next to each other in that order.
Students B and C want to stand next to each other in any order.
Students B and C and students D and E want to stand next to each other in any order.
Students B and C don’t want to stand next to each other.
Students B, C and D don’t want to stand next to each other.
The class alternates between males and females.
No males can be next to each other.
Students B and C want to stand next to each other in any order, but students D and E don’t want to be next to each other.


[bookmark: _Appendix_C]Appendix C
Which is more likely?
The following questions all relate to arranging the digits from 1 to 9.
For each of the questions, estimate which is more likely – the scenario in part a, or the scenario in part b. Calculate the probability of each to determine if you were correct.
1. The probability that:
1. 2 and 3 are next to each other
the number 3 is second.
The probability that:
1. 1 and 2 are together and 5 and 6 are together
3 and 4 not together.
The probability that:
1. alternate odd and even
alternate prime numbers and the other numbers.
The probability that:
1. 2, 3 and 4 are together
1 is first and 9 is last.
The probability that:
1. the sum of the first 2 digits is greater than 10
the end number is greater than 4000 when I only select 4 cards.
The probability that:
1. 2 and 4 have exactly one card between them
the last digit must be greater than the first digit.


Sample solutions
Appendix A – fixed positions
How many permutations are there if:
1. 
1. 




 (who can go in the positions at either end and arranging the rest) (where the teacher can go and arranging the rest)







Appendix B – objects relative to each other
How many permutations are there if:
1. 






Q2 – Q3 = 


Appendix C – Which is more likely?
1. The probability that:
1. 

The probability that:
1. 

The probability that:
1. 

The probability that:
1. 

The probability that:
1. 

The probability that:
1. 
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