
Introduction to permutations
Students are introduced to and formalise the properties of permutations using the context of the Enigma machine. nPr notation is introduced and special cases like nPn and nP0 are investigated. Students practise using both the multiplication principle and nPr notation on questions to establish the advantages and disadvantages of each.
Reveal learning intentions and success criteria at the end of the ‘Activating prior knowledge’ section of this lesson.
Learning intention
To understand the concept of a permutation.
Success criteria
I can define a permutation.
I can use the notation nPr to show ordered selections of items.
I can explain what nPn and nP0 represent and their values.
I can explain different ways to represent a permutation and justify which one I would use.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses permutations and combinations to solve problems involving counting, ordering and probability ME1-11-04
Content
Permutations and combinations
Define a permutation as an ordered selection of some or all objects from a set of distinct objects
Use the notation nPr to represent an ordered selection of  objects from  distinct objects and observe that nPn  and nP0 
Use the multiplication principle to establish that the number of ordered selections of  objects from  distinct objects is  and show that 
nPr 
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Introduce the Enigma machine to students and ask them how many codes there would be and how many different arrangements for a 5-letter word. Have students find the number of arrangements for a 15-letter word.
	Think-Pair-Share
	Check student understanding of arrangements using factorials and multiplicative principle in a context. Establish a need for a notation and easier calculation for permutations.

	Connecting learning
	Introduce permutations as the number of ways to select and arrange items from a group (slide 4 of the PowerPoint Introduction to permutations). Revisit the earlier 15-letter word problem and guide students to express it using permutation notation. Using slide 5, students practise writing problems in factorial form and identify consistent patterns, which leads to a formal introduction of the permutation formula on slide 6. Finally, demonstrate how to calculate permutations using the nPr button on a calculator and allow time for practice.
	Think-Pair-Share
	Students learn the definition and representations of a permutation and develop the formula for calculating permutations.

	Releasing responsibility
	Through discussion, students identify that arranging all items from a group is a factorial (nPn = n!) and that arranging none, results in one arrangement (nP0 = 1), as shown on slide 8. Slides 9–12 model how to calculate arrangements using both the multiplication principle and the permutation formula. Students complete Appendix A to practise both methods and compare their usefulness. Students summarise their learning in Appendix B’s four-quadrant notes.
	Pose-Pause-Pounce-Bounce
Visibly random groups of 3
Vertical non-permanent surfaces
Four quadrant notes
	Students reason and use the permutation formula to prove why nPn = n! and nP0 = 1.

	Independent practice
	Display slide 14 to show an encrypted Enigma message. In groups, have students calculate the number of possible arrangements for each word, assuming each letter is only used once and cannot be reused in the following word.
	Visibly random groups of 3
Vertical non-permanent surfaces
Assessing and advancing questions
Pose-Pause-Pounce-Bounce
	Students apply their knowledge to a harder scenario using the Enigma machine.



Activity structure
Please use the associated PowerPoint Introduction to permutations to display images in this lesson.
Activating prior knowledge
Explain to students what an Enigma machine is.
An Enigma machine is a famous encryption machine used by the Germans during WWII to transmit coded messages. Enigma machines use a form of substitution encryption by interchanging letters of the alphabet with others, so each letter represents only one other.
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy) ask students to connect to prior learning by discussing:
How many different encryption arrangements would there be?
What is your reasoning behind this?
If a word consisted of 5 distinct letters, how many arrangements would there be?
It is advised not to use the word combination in explanations but rather arrangements, as use of the word combination can cause confusion for students distinguishing between permutations and combinations.
Students should notice that there are  ways that the alphabet can be arranged.
Students should use the multiplication principle from Lesson 1 – Multiplication principle of Unit 1 – Permutations and combinations to realise that the arrangements for 5 letters would be .
To check for understanding, ask students to calculate how many arrangements there would be in a nonsensical word of 15 letters, where each letter of the alphabet is only used once.
This question is designed to produce errors and to establish the need for an easier way to use a calculator to perform the calculation, as well as the need for a briefer notation. Students could write their answer in factorial form.
Connecting learning
1. Define a permutation as the number of ways of selecting and arranging items from a group of items using slide 4 of the PowerPoint.
Share the learning intention and success criteria using slide 2.
Return to the problem from the ‘Activating prior knowledge’ section where students were asked to calculate how many arrangements there would be for a 15-letter word, using all of the letters from the alphabet (only using each letter once).
Ask students to express this problem using permutation notation.
Explain to students that the notation helps us to express the problem in a concise notation, but that the calculation is still long, and prone to errors.
In a Think-Pair-Share, ask students to discuss how else the calculation could be written.
Students should realise that the calculation could be written as .
Display slide 5 and ask students to complete the questions by writing each calculation in factorial form. Encourage students to look for patterns between the numbers in the question and the numbers in their answer in factorial form.
Students may benefit from writing each question using the multiplication principle before writing it in factorial form.
Students should notice that the numerator of their answer in factorial form is the same as the total number of items we have to select from, and that the denominator of the fraction is the number of items we are arranging subtracted from the total number of items.
Animate slide 5 to reveal the solutions and discuss any patterns that students discovered.
Display slide 6, which introduces the formula for nPr in factorial form.
This slide is designed for students to become familiar with the definition, how a permutation is read and what the numbers mean.
Explain to students, that although the factorial form has made our calculations more manageable, there is a special button on their calculator to calculate permutations.
Show students how to use the nPr button on their calculators and have them practise permutations questions from an existing resource.
Releasing responsibility
1. Inform students that permutations have unique properties.
In a Think-Pair-Share, ask students to predict how many arrangements there would be if they were arranging all of the objects from a group or none from the group. They should also consider what notation they would use to represent these scenarios.
Students should determine that if we are arranging all of the objects from a group, that this is the same as a factorial.
If we are selecting none of the objects, there is only one way to do this. This would be equivalent to .
Formalise the notation used for these 2 properties nPn  and nP0, shown on slide 8 of the PowerPoint.
Use slides 9–12 to model finding the number of arrangements using the Worked examples (Your turn) method (bit.ly/supportingstrategies). Animate the slide to reveal the self-explanation prompts and solutions.
Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at a vertical non-permanent surface (bit.ly/VNPSstrategy) and have them complete Appendix A ‘Practice questions’. Students should use both methods for each of the questions to consolidate their understanding.
The questions in Appendix A aim to have students practise using both methods to not only develop fluency but to identify the advantages and disadvantages of each method.
Pose the following question to deepen student thinking: ‘Which method is better to use, the multiplication principle or the permutation formula?’ Have students share responses using the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce).
Students should recognise that the multiplication principle can be used for any arrangements where the whole group is reduced or restricted.
If we are selecting a subset of objects from the whole group to arrange, then we need to use .
Ask students to complete Appendix B ‘Four quadrant notes’ (bit.ly/supportingstrategies). to summarise their learning.
Independent practice
1. Display slide 14 of the PowerPoint to show an encrypted message from the Enigma machine. Note: each letter is only used once.
Gvotix dqmp, wzna ky fhesb.
1. Ask groups to find the number of arrangements available for each word, given that the code uses the same encryption and the letters from the previous word cannot be used again.
Note: it is assumed that every letter is represented equally in all words. The letters are only used once.
1. Guide students by asking assessing and advancing questions (bit.ly/supportingstrategies) to check for understanding and deepen student thinking. Some suggestions are provided in the following table.
Table 2: assessing and advancing questions
	Assessing questions
	Advancing questions

	How would you break this problem up into smaller parts?
	Are all the letters unique? If so, what strategy can we use?

	How did you calculate the total number of arrangements for the code?
	How many arrangements are there for the first word?

	Why have you used 26P6?
	Given you have found the first word, how many options do you have left for the second word?


1. Have students view other work to check their answers and reasoning, giving peer feedback to students on their mathematical communication using Two stars and a wish (bit.ly/DLSpeerfeedback).
1. Initiate a sharing of ideas and reasoning using the Pose-Pause-Pounce-Bounce questioning strategy.
The secret code is: Sniper halt, move by truck.
The permutations compared to going through every arrangement is:
26P620P4 16P4 12P2 10P5
Compared to: 
Which gives the likelihood of cracking the code word by word  less than going through every arrangement.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior learning
The pace of the lesson can be modified from students’ responses to the activity in Activating prior knowledge.
Students may benefit from moving letters using manipulatives or Polypad.
Connecting learning
Students may benefit from explicitly connecting the multiplication principle to permutations.
A calculator emulator or writing calculator steps may assist students when using the permutation button.
Students may benefit from more numerical examples before moving to the generalisation of permutations.
Independent practice
The encryption can be modified to include less letters or to include numbers and punctation points to change the challenge for students and to compare the difference when solving encrypted codes.
Advancing questions have been provided to help scaffold the problem for students.


Suggested opportunities for assessment
Activating prior knowledge
Students’ responses to the activity can be used as formative assessment to adjust the pace and activities in the lesson.
Connecting learning
Students’ Working mathematically skills, such as communication, will be demonstrated through their responses to questions throughout this section of the lesson.
Students’ ability to express a permutation in factorial form could be assessed by displaying responses to slide 5 of the PowerPoint on mini whiteboards.
Releasing responsibility
Students’ responses to questions in the lesson will show their understanding of nPn and nP0.
Review Appendix A for evidence of students’ ability to solve problems involving permutations.
Independent practice
When working in groups of 3, students receive peer feedback on their understanding and problem-solving strategies.
Assessing questions have been provided for opportunities for students to show their understanding of permutations and students’ communication and reasoning.
Review student responses as evidence of learning permutations and the different ways they can be represented.


[bookmark: _Appendix_A][bookmark: _Appendix_B]Appendix A
[bookmark: _Practise_questions]Practice questions
If the digits 1 to 9 were used, without repetition, to create a 4-digit number, how many:
1. numbers can be formed?
numbers end in 3?
numbers are even?
numbers are divisible by 5?
numbers are greater than 5000?
numbers are smaller than 4900?
What is the probability that these numbers have:
2 as the second digit?
only odd digits?
do not contain the digit 4?
contain only numbers greater than 5?


[bookmark: _Appendix_C]Appendix B
[bookmark: _Four_quadrant_notes]Four quadrant notes
	Example 1
How many arrangements of 7 letters can be created from the letters of the alphabet?

Using nPr

⬚

Multiplication principle


	Example 2
How many 5-digit pin numbers can you create from the numerals 0–9 where no digit is repeated?

Using nPr





Multiplication principle

	Things to remember
Notes could include:
when each method is preferred
choosing all items
choosing no items.
	Example 3



Sample solutions
Appendix A – practice questions
1. 9P4 
8P3 
8P4
8P3
8P4

8P3
Probability 
5P2
Probability 
8P4
Probability 
4P4
Probability 


Appendix B – Four quadrant notes
	Example 1
How many arrangements of 7 letters can be created from the letters of the alphabet?

Using nPr


 26

Multiplication principle


	Example 2
How many 5-digit pin numbers can you create from the numbers 0–9?

Using nPr

  10

Multiplication principle
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