
Factorials
Students connect the multiplication principle to factorials and their properties.
Learning intention
To know about factorials, their notation and properties.
Success criteria
I can express a number in the form .
I can explain why the number of ways of ordering distinct objects in a straight line is .
I can explain why .


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses permutations and combinations to solve problems involving counting, ordering and probability ME1-11-04
Content
Permutations and combinations
Use the notation  (read as  factorial), where  for positive integers 
Use  and the convention  in calculations and to simplify algebraic expressions involving factorials
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activate prior knowledge
	Students use the multiplication principle to find the number of ways different runners can finish a race if there are 4, 5, 6, 10 and 30 runners.
	Visibly random groups of 3
Vertical non-permanent surfaces
	This section creates the need for an expression to display the multiplication of consecutive numbers.

	Connecting learning
	Factorial notation is introduced in slide 4 of the PowerPoint Factorials and students learn how to express factorials in a variety of ways by matching cards from Appendix A.
Students generalise that  and use it to reason why .
	Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk
Pose-Pause-Pounce-Bounce
	This section aims to introduce factorial notation and its properties.

	Releasing responsibility
	Students practise unrolling factorials using Appendix B. Rearranging factorials are explicitly taught using slides 7–8 before students practise using Appendix C.
	Variation Theory
Worked examples (Your turn)
	This section aims to allow students time to practise manipulating factorials.

	Independent practice
	Students prove that there are 10! seconds in 6 weeks. They also use Appendix D to differentiate between questions that require the multiplication principle from those that require factorials.
	
	This section aims for students to link factorials to a real life application and practise identifying questions that require factorial solutions.



Activity structure
Please use the associated PowerPoint Factorials to display images in this lesson.
Activating prior knowledge
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (bit.ly/VNPSstrategy).
Ask students to consider a running race in which the competitors could finish in different orders. Ask students to list and calculate the number of different orders there would be if there were:
4 runners
5 runners
6 runners
10 runners
30 runners.
Students may need to be reminded that the person who came first is no longer counted in the number of people who can come second.
Ask students to imagine writing down the answer for 100 runners.
Display slide 2 of the PowerPoint to reveal the learning intention and success criteria for the lesson. Inform students there is an easier method of writing the multiplication of consecutive numbers.
Connecting learning
1. Introduce students to factorial notation by showing them how to write the answers to the questions in the ‘Activating prior knowledge’ section in factorial form.
Define a factorial to students using slide 4 of the PowerPoint as:
The product of the first  positive integers is denoted by , read as ‘ factorial’, that is, .
Distribute Appendix A ‘Card match’ to groups of students and ask students to match the cards that are equivalent.
To check for understanding, have students confirm their expressions are the same by evaluating the expressions on a calculator. Students may need to be shown where the factorial button is located on their specific calculator.
The appendix currently has the expressions matched correctly in rows.
Challenge students on their vertical non-permanent surfaces to write similar equivalent expressions for 
Students need to develop the flexibility to write factorials in a variety of ways. This will benefit them in further learning in this unit. It also helps students to generalise the property  by first seeing a variety of numerical examples.
Have students perform a gallery walk (bit.ly/DLSgallerywalk) to observe other groups’ expressions.
Display the generalisation  for students using slide 5.
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to ask students if this generalisation is true for all factorials, or what restrictions would need to be placed on for this to be true.
Students should recall the definition that a factorial only relates to positive integers.
Use the Pose-Pause-Pounce-Bounce questioning strategy to deepen student thinking using the following prompt: ‘How many ways would you expect to be able to arrange zero objects? Why?’
Ask students to rearrange the equation  to make the subject and substitute in .
Use the Pose-Pause-Pounce-Bounce questioning strategy to deepen student thinking using the following prompt: ‘What does this tell us about 0 factorial?’
 because there is 1 way of arranging zero objects, that is, do nothing.
Formalise the property .
Releasing responsibility
1. Students are to complete independent practice using Appendix B ‘Operations with factorials’ individually or in groups. This appendix uses Variation Theory (variationtheory.com/introduction) and requires students to unroll factorials to simplify, before generalising the process.
This activity is designed to support students in transitioning from computing numerical factorials to developing an abstract, algebraic understanding of how to manipulate and simplify expressions involving factorial notation.
Have students check their answers to Appendix B using their calculators.
Use slides 7–8 of the PowerPoint and the Worked examples (Your turn) strategy (bit.ly/supportingstrategies) to model rearranging an expression to be in the form .
Animate slides to reveal self-explanation prompts and the worked solution to the Your turn problem.
Students are to complete independent practice using Appendix C ‘Rearranging factorials’ individually or in groups. This appendix uses Variation Theory and requires students to rearrange expressions into the form .
Have students compare answers with their peers. If they differ, have them work together to determine the correct solution.
Independent practice
1. State to students that  is the number of seconds in 6 weeks. Ask students to prove that this is true by first using their calculators, then by breaking the expressions into factors.
This activity has students practise their communication skills and has the potential to allow students to start writing proofs before exploring the Introduction to proof focus area.
Sample solutions can be found in the Numberphile video ‘10! – Numberphile (3:19)’ (bit.ly/numberphile10factorial).
Students are to consolidate their learning by completing Appendix D ‘Multiplication principle, factorials or both’ individually or in groups. These questions connect the multiplication principle and factorial notation.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Students may benefit from revising probability without replacement.
Students may benefit from further reviewing the multiplication principle with examples such as picking an entrée, main and dessert from a menu, to understand the difference and connection of this principle to factorials.
Students could be challenged to find other examples where order is important and items are not replaced.
Connecting learning
Students could complete the card match individually and compare with a partner depending on the size of the class.
Expressions could be added or removed from Appendix A.
Students can be challenged to create another expression that would match the group.
Releasing responsibility
Students can be challenged to explore the generalised form of rearranging factorials in more detail to align with the formulas for permutations and combinations and build their fluency.
To enable students, encourage them to unroll the factorials in Appendix B to build their understanding.
Appendix C could be modified to include questions involving algebra.
In the activity unrolling factorials, students may benefit from revising prime factorisation.
Independent practice
The questions in Appendix D can be modified to meet the challenge level of students if they show strong problem-solving skills.
The ‘Approaching questions scaffold’ can be provided for students still developing their Working mathematically skills.
Suggested opportunities for assessment
Activating prior knowledge
Students’ prior knowledge of probability such as sample space and the multiplication principle will be evident in discussions.
Connecting learning
Review students working on vertical non-permanent surfaces for their ability to use representations and concepts related to this lesson.
Student responses to the provided prompts could be collected as a work sample for assessment of their understanding on writing in factorial notation.
Review student work on vertical non-permanent surfaces, to track student understanding and intervene if any misconceptions arise.
Releasing responsibility
Use Appendix B and C as an exit ticket (bit.ly/exitticketstrategy) to check student understanding of factorial notation.
Independent practice
Collect Appendix D for evidence of students’ understanding of when we use the multiplication principle, factorials or both.
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Operations with factorials
Simplify the following expressions:
1.  







[bookmark: _Appendix_C]Appendix C
Rearranging factorials
1. Rearrange these expressions in the form :
1. 
1. 
1. 
1. 
1. 


[bookmark: _Appendix_D]Appendix D
Multiplication principle, factorials or both
For each of the following questions, determine if you would use the multiplication principle, factorials or both to solve the problems and then solve.
1. A school assigns student ID numbers using 3 letters followed by 2 digits. If no letters or digits can repeat and if only the letters A, B and C and the digits 1 and 2 can be used, how many unique IDs can be created?
A 7-digit security code is created using only the digits 1–7 without repetition. How many different codes are possible?
A computer generates a random sequence of 4 letters (A–D) followed by 5 digits (0–4) without repetition of either the letters or digits. How many different sequences can be produced?
A race has 8 runners. In how many ways can the runners finish the race?
A restaurant offers 4 soups, 5 salads and 6 main courses. A customer must choose one item from each category. How many different meal combinations are possible?
A 6-character password is created using any letter (A–Z) or digit (0–9), but the first character must be a letter. Characters are allowed to be repeated. How many different passwords can be made?


Sample solutions
Appendix B – operations with factorials
Simplify the following expressions:
1.  








Appendix C – rearranging factorials
1. Rearrange these expressions in the form :
1. or 
1.  
1. 
1. 
1. 


Appendix D – multiplication principle, factorials or both
1. Factorial and multiplication principle:  options
Factorial: 
Factorial and multiplication principle: 
Factorial: 
Multiplication principle: 
Multiplication principle: 
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