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Students investigate the ambiguous case of the sine rule where multiple angle solutions are possible and learn how to check if both angles are viable solutions for a given triangle. 
Students will need at least one digital device per pair to interact with GeoGebra during this lesson.
The learning intention and success criteria should be shared with students later in the learning episode.
Learning intention
To know when the ambiguous case of the sine rule applies.
Success criteria
I can identify when multiple solutions are possible for an unknown angle.
I can explain why the ambiguous case occurs.
I can apply the sine rule to solve problems that produce 2 valid solutions. 


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies trigonometry to solve problems involving geometric shapes MAV-11-04
Content
Trigonometry and measure of angles
Trigonometry with angles of any magnitude
Use graphing applications or geometric construction to examine the ambiguous case of the sine rule, in which there are two possible solutions for an angle, and the condition for it to arise
Apply the sine rule, cosine rule and formula for the area of a triangle to solve problems where angles are measured in degrees, or degrees and minutes
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Students compare 2 triangles from slide 3 of the PowerPoint The ambiguous case with identical side lengths but different angles. Reveal the learning intention and success criteria on slide 4.
	Think-Pair-Share
	This activity is designed to spark curiosity and encourage students to investigate why two different angle measures can result in the same side length.

	Connecting learning
	Introduce the ambiguous case by referencing slide 3. Students then investigate it using Appendix A and GeoGebra (bit.ly/ambiguous_case). Discuss with students the link between the unit circle, the graph of the sine curve and the ambiguous case. 
	Pose-Pause-Pounce-Bounce
	When the known angle is acute and the opposite side is shorter than the adjacent side but still long enough to form 2 different triangles, the sine rule gives 2 possible angle values, resulting in 2 possible triangles.

	Releasing responsibility
	Using slide 6, students learn the ambiguous case of the sine rule before using slide 7 to contrast an example with a non‑example. Students then complete Appendix B, applying the sine rule to find all valid angles, before annotating their solutions to create notes. 
	Think-Pair-Share
Faded examples 
Notes to future forgetful selves
	The non-example on slide 7 is invalid because the obtuse angle () combined with  exceeds , so no triangle can exist.

	Independent practice
	Use Approaching questions scaffold on slide 9 for students to reference as they complete HSC-style questions in Appendix C. 
	
	Students apply their understanding to more complex questions, including a bearings question. 



Activity structure
Please use the associated PowerPoint The ambiguous case to display images in this lesson.
Activating prior knowledge
1. Display slide 3 of the PowerPoint and ask students to find the unknown side in both triangles. 
1. Animate the slide to reveal the solutions. 
Using a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to discuss what they notice about their solutions and why this might be possible. 
Both triangles have the same side lengths but different angles. 
Display slide 4 to reveal the learning intention and success criteria. Explain to students that during this lesson they will be investigating why 2 different angles produce the same side length.
Connecting learning
1. Display slide 3 again and ask students what they notice about the 2 angles that are opposite the unknown side. 
Students should notice that the angles are supplementary. One of the angles is obtuse and one is acute. 
Explain to students that this is known as the ambiguous case of the sine rule and that they will be investigating it further using GeoGebra.
In pairs, have students navigate to the interactive GeoGebra activity ‘Use the Sine Rule to calculate the unknown angle’ (bit.ly/ambiguous_case).
Distribute Appendix A ‘The ambiguous case’ and ask students to complete steps 1 and 2 for the existing triangle in the GeoGebra activity. If students have already moved any sliders, they will need to reset the triangle by refreshing the browser page.
Explain that the circle shows the 2 possible sides opposite the known angle as radii, illustrating that both are equal in length.
Have students’ complete steps 3–6 in Appendix A. Students should test different angles to complete the table. 
Facilitate a class discussion to draw out the key ideas from students’ explorations. Use the GeoGebra activity to model each case to help students visualise.
Some guiding questions could include:
What happened when the side opposite the known angle was shorter than the adjacent side? Did anyone see 2 triangles?
What happened when the side opposite the known angle was longer than or equal to the adjacent side? How many triangles were there then?
How did your observations differ when the known angle was acute compared with when it was obtuse? Did anyone find 2 triangles with an obtuse angle? Why might that be?
Students should begin to recognise that 2 triangles are possible when the side opposite the known angle is shorter than but not ‘too short’ compared to the adjacent side and this can only occur for acute angles. Students should also notice that when 2 triangles can be formed, the 2 possible angles sum to 
Use the Pose-Pause-Pounce-Bounce questioning strategy (bit.ly/P-P-P-B) to guide students toward connecting these angles to the unit circle and understanding why both angles produce the same sine value. Prompt students to consider: 
Where does each angle lie on the unit circle?
Where does each angle lie on the sine curve?
Is the sine function positive or negative in each of these 2 quadrants? 
Releasing responsibility 
1. Use slide 6 to explain the ambiguous case of the sine rule, in which there are 2 possible solutions for an angle.
1. Display slide 7 which shows an example and a non-example (bit.ly/nonexamplesstrategy). In a Think-Pair-Share have students discuss why the second example is a non-example.
While the working indicates that each triangle has 2 possible angle solutions, the angle of  combined with  exceeds . Therefore, the triangle does not exist for the obtuse angle in the second triangle. 
1. Distribute Appendix B ‘Faded examples’ (bit.ly/fadedexamplesstrategy) and have students determine the size of angle .
1. Have students annotate their faded examples to create notes to their future forgetful selves (bit.ly/notestofutureself) about the ambiguous case and the sine rule. 
Independent practice
1. Display slide 9 to review the key steps of the Approaching questions scaffold.
1. Distribute Appendix C ‘HSC-style questions’ and have students complete the 3 HSC-style questions. Encourage students to reference the Approaching questions scaffold to help them reflect on their answers. 
1. 

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
To enable students, use cues such as ‘Which angle is opposite the unknown side?’ to guide decision‑making.
Connecting learning 
Encourage students to use the GeoGebra activity by exploring one changing condition at a time.
Extend students by asking them to relate the ambiguity to the unit circle and the sine function in quadrants 1 and 2. 
Challenge students to express the ‘not too short’ condition algebraically. That is, where .
Releasing responsibility
Enable students by providing a structured angle‑checking scaffold. For example, give students a simple rule‑based prompt for slide 7: ‘Add the given angles → if the sum exceeds 180°, the triangle cannot exist.’
Challenge students to generalise the ambiguous case condition algebraically. 
Independent practice
Remind students to consider ambiguous case conditions before calculating angles and encourage them to sketch both possible triangles if appropriate.
Ask students to design their own question that produces 2 triangles.


Suggested opportunities for assessment
Activating prior knowledge 
Students’ ability to find a side using the sine rule can be assessed in this section.
Connecting learning 
Circulate and check whether students correctly identify that the 2 angles sum to .
Ask pairs to verbally explain one condition, such as why an obtuse given angle can never produce 2 triangles.
Releasing responsibility
During the Think‑Pair‑Share, listen for whether students can articulate why the obtuse angle fails in the second example.
Use students’ notes to their future forgetful selves as a formative assessment of conceptual understanding and misconceptions.
Independent practice
Collect students’ responses to one of the HSC-style questions as an exit ticket for this lesson. 


[bookmark: _Appendix_A][bookmark: _Appendix_B][image: Triangle ABC with corresponding sides labelled a, b and c. Perpendicular height, h, drawn from C to AB.]Appendix A 
The ambiguous case
Use GeoGebra (bit.ly/ambiguous_case) to explore when 2 different triangles can be made with the same given angle and sides.
1. Start with the Known angle as an acute angle (),  and Known sides  and  respectively.
1. Select Show Ambiguous Case and look carefully. How many triangles do you see? 
1. Repeat for different lengths of side , which is adjacent to angle , using the top slider.
1. Change the Known angle to another acute angle and investigate what happens as you change the Known sides.
1. Choose an obtuse angle for , the Known angle and repeat the previous steps.
1. Record your observations in the table below.
	Angle 
	Side  opposite 
	Side  adjacent to 
	Number of triangles
	Notes
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Faded examples 
Find all possible values for .
	In triangle ABC,  and 
	In triangle ABC,  and 
	In triangle ABC,  and 
	In triangle ABC,  and 

	Possible diagram
[image: A triangle labelled ABC with vertex A on the left, C on the right, and B above the base. Side AB is labelled 15 cm, side BC is labelled 9 cm, and angle A (∠CAB) is labelled 25°.]
	Possible diagram

	Possible diagram
	Possible diagram

	
	
	
	

	
	
	
	

	Triangle with acute angle 

	Triangle with acute angle 

	
	

	Triangle with obtuse angle

	Triangle with obtuse angle

	Triangle with obtuse angle

	

	
	
	
	



[bookmark: _Appendix_C_1]Appendix C 
HSC-style questions
Question 1
In triangle , ,  and angle .
Find all possible values for the angle  to the nearest degree.
Question 2
 is a triangle where ,  and angle .
Find all possible values for the perimeter. 
Question 3
Josh and Ben leave home (H) and ride 10 km on a bearing of to a lookout (L). They then continue 6 km on a bearing of to a creek (C). 
Show that .
Determine their distance and the bearing they must travel to get home.
[image: A triangle shows 3 points labelled H, L, and C, each with a north arrow.
From H, the line to L is 10 km on a bearing of 100°T.
From L, the line to C is 6 km on a bearing of 254°T.
At L, the angle between north and the line to C is marked 26°.]

Sample solutions
Appendix A – the ambiguous case
For the first row, the number of triangles will be 2 and the 2 possible angles sum to 
Values in the remaining rows will vary depending on students’ choices. 


Appendix B – faded examples 
Find all possible values for .
	In triangle ABC,  and 
	In triangle ABC,  and 
	In triangle ABC,  and 
	In triangle ABC,  and 

	Possible diagram
[image: A triangle labelled ABC with vertex A on the left, C on the right, and B above the base. Side AB is labelled 15 cm, side BC is labelled 9 cm, and angle A (∠CAB) is labelled 25°.]
	Possible diagram
[image: A triangle labelled ABC with vertex A on the left, C on the right, and B above the base. Side AB is labelled 15 cm, side BC is labelled 19 cm, and angle A (∠CAB) is labelled 35°.]
	Possible diagram
[image: A triangle labelled ABC with vertex A on the left, B on the right, and C above the base. Side AB is labelled 9 cm, side BC is labelled 5 cm, and angle A (∠CAB) is labelled 25°.]
	Possible diagram
[image: A triangle labelled ABC with vertex A on the left, B on the right, and C above the base. Side AB is labelled 9 cm, side BC is labelled 15 cm, and angle A (∠CAB) is labelled 25°.]

	
	
	
	

	
	
	
	

	Triangle with acute angle 

	Triangle with acute angle 

	Triangle with acute angle 

	Triangle with acute angle 


	Triangle with obtuse angle

	Triangle with obtuse angle

	Triangle with obtuse angle

	Triangle with obtuse angle


	
	
	
	




Appendix C – HSC-style questions 
Question 1


Triangle with  has angles  
Triangle with  has angles 
Question 2
To find the perimeter, we would need the length of the side opposite angle . To find this length using the sine rule, we need the measure of angle  first. 
[image: Triangle DEF with angle F 32 degrees, side e 28cm and side f 17cm.]
Using sine rule: 

[image: Triangle DEF with angle F 32 degrees, side e 28cm and side f 17cm.]
Ambiguous case:This gives us 2 possible triangles and hence, 2 possible measures for angle .


Using these values to find the length opposite angle :


The 2 possible perimeters are:


Question 3
[image: A triangle shows three points labelled H, L, and C, each with a north arrow.
From H, the line to L is 10 km on a bearing of 100°T.
From L, the line to C is 6 km on a bearing of 254°T.
At L, the angle between north and the line to C is marked 26°.]
1. 
  (cointerior angles in parallel lines)
 (bearing)
 (revolution of a circle)

Distance HC

Bearing of H from C

Since the bearing of C from L is  the angle between north and L at C is .
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