
Mathematics Advanced Stage 6 (Year 11) – unit of learning
Differentiation techniques and applications
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[bookmark: _Toc112681287][bookmark: _Toc221176798]Rationale
[bookmark: _Toc112681289]The NSW Department of Education publishes a range of curriculum support materials, including samples of lesson sequences, scope and sequences, assessment tasks, examinations, student and teacher resource booklets, and curriculum planning and curriculum evaluation templates. The samples are not exhaustive and do not represent the only way to complete or engage in each of these processes. Curriculum design and implementation is a dynamic and contextually specific process. While the mandatory components of syllabus implementation must be met by all schools, it is important that the approach taken by teachers is reflective of their needs, and faculty or school processes.
[bookmark: _Hlk112402278][bookmark: _Hlk112408500][bookmark: _Hlk112408586][bookmark: _Hlk112408794]The NSW Education Standards Authority (NESA) defines programming as ‘the process of selecting and sequencing learning experiences which enable students to engage with syllabus outcomes and develop subject specific skills and knowledge’ (NESA 2022). A program is developed collaboratively within a faculty. It differs from a unit in important ways. A unit is a contextually specific plan for the intended teaching and learning for a particular class for a particular period. The organisation of the content in a unit is flexible and it may vary according to the school, the teacher, the class and the learning space. They should be working documents that reflect the thoughtful planning and reflection that takes place during the teaching and learning cycle. There are mandatory components of programming and unit development, and this template provides one option for the delivery of these requirements. 
This resource has been developed to assist teachers in NSW Department of Education schools to create learning that is contextualised to their classroom. It can be used as a basis for the teacher’s own program, assessment, or scope and sequence, or be used as an example of how the new curriculum could be implemented. The resource has suggested timeframes that may need to be adjusted by the teacher to meet the needs of their students.

[bookmark: _Toc221176799]Overview
Description: this program of learning addresses content from the focus area of Introduction to differentiation. The lessons and sequences in this program of learning are designed to allow students to differentiate using a variety of rules before applying them to describe functions and graph derivatives. 
Duration: this program of learning is designed to be completed over a period of approximately 4 weeks but can be adapted to suit the school context.
Explicit teaching: explicit teaching is embedded throughout this unit of learning to ensure clarity and support for all students. Each lesson includes clearly stated learning intentions and success criteria, and uses purposeful questioning strategies with sample questions provided to check for understanding. Learning is explicitly connected to real-world contexts and prior mathematical concepts to enhance relevance and meaning. A gradual release of responsibility guides students from teacher-led instruction to independent practice, supported by worked examples and self-explanation prompts that deepen understanding and build confidence.
[bookmark: _Toc112681290]

[bookmark: _Toc221176800]Outcomes
A student:
· develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
· interprets the meaning of the derivative and determines the derivative of functions to solve problems MAV-11-06
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Prior to planning for teaching and learning, please consider the following:
Engagement
· How will I provide authentic, relevant learning opportunities for students to personally connect with lesson content?
· How will I support every student to grow in independence, confidence and self-regulation?
· How will I facilitate every student to have high expectations for themselves?
· How will I identify and provide the support each student needs to sustain their learning efforts?
Representation
· What are some different ways I can present content to enable every student to access and understand it?
· How will I identify and address language and/or cultural considerations that may limit access to content for students?
· How will I make lesson content and learning materials more accessible?
· How will I plan learning experiences that are relevant and challenging for the full range of students in the classroom?


Expression
· How will I provide multiple ways for students to respond and express what they know?
· What tools and resources can students use to demonstrate their understanding?
· How will I know every student has understood the concepts and language presented in each lesson?
· How will I monitor if every student has achieved the learning outcomes and learning growth?

[bookmark: _Toc221176801]Lesson sequence and details
[bookmark: _Toc221176802]Learning episode 1 – basic differentiation rules
[bookmark: _Toc221176803]Teaching and learning activity
Students use an area model, differentiating by first principles and graphing applications to develop basic differentiation rules before formalising the rules. 
[bookmark: _Toc221176804]Content
Calculations with the derivative
· Use the notation  and 𝑦' for the derivative of 𝑦 when 𝑦 is a function of 𝑥
· Use the notation  and 𝑓'(𝑥) for the derivative of a function 𝑓(𝑥)
· Use the formula  for all real values of 𝑛
· Apply the fact that the derivative of a sum is the sum of the derivatives: , and the derivative of a multiple of a function is the multiple of its derivative: 


Table 1 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Basic differentiation rules 
Duration: 1 lesson 
Learning intention
· To know how to use the rules of differentiation to find derivatives of functions. 
Success criteria
· I can recognise and use different notation when differentiating functions.
· I can differentiate functions in the form of  
· I can differentiate a sum of functions by finding the derivative of each part.
· I can explain how a multiple of a function affects the derivative.
	· Basic differentiation rules PowerPoint 
· At least 1 device per 2 students
· Appendix A and Appendix B, printed (one per student)
· Appendix C, cut into cards (one per pair of students)
	


[bookmark: _Toc112681291]

[bookmark: _Toc221176805][bookmark: _Toc112681297]Learning episode 2 – tangents and normals
[bookmark: _Toc221176806]Teaching and learning activity
Students use the first derivative to find the gradient at a point, then apply straight-line equations to determine the equations of tangents and normals.
[bookmark: _Toc221176807]Content
Calculations with the derivative
· Use the rules for differentiation to find equations of tangents and normals to a curve at points on the curve
· Find the points on a curve where the tangent or normal has a given gradient


Table 2 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Tangents and normals 
Duration: 1 lesson 
Learning intention
· To be able to use differentiation to find the equations of tangents and normals to a curve at a point.
Success criteria
· I can find the gradient of a tangent and normal at a point.
· I can use the gradient and a point on the curve to find the equation of the tangent.
· I can use the gradient and a point on the curve to find the equation of the normal.
	· One device between 2 students
· Mini whiteboards
· Tangents and normals PowerPoint 
· Appendix A and Appendix B, printed (one per pair of students)
· Appendix C and Appendix E, printed (one per group of 3)
· Appendix D, printed (for teacher reference)
	




[bookmark: _Toc221176808]Learning episode 3 – the chain rule – part 1
[bookmark: _Toc221176809]Teaching and learning activity
Students use their understanding of differentiating basic terms to learn how to differentiate using the chain rule in the form  and 
[bookmark: _Toc221176810]Content
Calculations with the derivative
· Apply the chain rule: if 𝑦 is a differentiable function of 𝑢, and 𝑢 is a differentiable function of 𝑥, then  or if  for differentiable functions 𝑓(𝑥) and 𝑔(𝑥) then 


Table 3 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	The chain rule – part 1
Duration: 1 lesson 
Learning intention
· To be able to differentiate composite functions using the chain rule. 
Success criteria
· I can explain why the derivative of a function in the form  includes the derivative of the function. 
· I can differentiate using the chain rule in the form 
· I can differentiate using the chain rule in the form 
	· The chain rule – part 1 PowerPoint 
· Appendix A, printed (one per group of 3) 
· Appendix B and Appendix C, printed (one per student)
	




[bookmark: _Toc221176811]Learning episode 4 – the chain rule – part 2
[bookmark: _Toc221176812]Teaching and learning activity
Students develop the need for the chain rule in the form  through the context of blowing bubbles and then learn to apply it algebraically.
[bookmark: _Toc221176813]Content
Calculations with the derivative
· Apply the chain rule: if 𝑦 is a differentiable function of 𝑢, and 𝑢 is a differentiable function of 𝑥, then  or if  for differentiable functions 𝑓(𝑥) and 𝑔(𝑥) then 


Table 9 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	The chain rule – part 2
Duration: 1 lesson
Learning intention
· To be able to differentiate composite functions using the chain rule in the form . 
Success criteria
· I can identify the inner function  and the outer function  in a composite function.
· I can differentiate the inner function to find 
· I can differentiate using the chain rule in the form 
	· The chain rule – part 2 PowerPoint 
· Appendix A and Appendix B, printed (one per student)
	




[bookmark: _Toc221176814]Learning episode 5 – the product rule
[bookmark: _Toc221176815]Teaching and learning activity
Students investigate the product rule by using an area model. They consider the benefits of using the rule rather than expanding the function. They apply the rule to problems involving finding the gradient and identifying when the derivative of a function equals zero. 
[bookmark: _Toc221176816]Content
Calculations with the derivative
· Apply the product rule: if 𝑦 = 𝑢𝑣, where 𝑢 and 𝑣 are both differentiable functions of 𝑥, then  or if  for differentiable functions 𝑓(𝑥) and 𝑔(𝑥) then 


Table 4 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	The product rule
Duration: 1 lesson
Learning intention
· To be able to differentiate a function that is the product of 2 functions.
Success criteria
· I can identify functions where the product rule could be used to differentiate.
· I can apply the product rule to differentiate a function.
· I can solve problems which require the use of the product rule.
	· At least one device per pair of students
· The product rule PowerPoint
· Appendix A and Appendix C, printed (one per student)
· Appendix B, printed (for teacher reference)
· Appendix D (optional), printed (one per student)
	




[bookmark: _Toc221176817]Learning episode 6 – the quotient rule
[bookmark: _Toc221176818]Teaching and learning activity
Students develop the quotient rule by combining the chain and product rules. They explore and compare 4 similar-looking differentiation problems, recognising how each requires a different solution method for efficiency. The lesson concludes with students applying their knowledge to solve a variety of problems.  
[bookmark: _Toc221176819]Content
Calculations with the derivative
· Apply the quotient rule: if  , where 𝑢 and 𝑣 are both functions of 𝑥, then  or if  then 


Table 5 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	The quotient rule
Duration: 1 lesson
Learning intention
· To be able to apply the quotient rule to differentiate functions. 
Success criteria
I can recognise when to use the quotient rule.
I can identify  and  in a function and find their derivatives.
I can apply the quotient rule from the reference sheet.
· I can apply the quotient rule using  notation.
	· The quotient rule PowerPoint 
· Appendix A, printed (one per group of 3)
· Appendix B and Appendix C, printed (one per student)
· Appendix D, printed on A3 paper (one per group of 3)
	




[bookmark: _Toc221176820]Learning episode 7 – mixed differentiation
[bookmark: _Toc221176821]Teaching and learning activity
In this lesson, students will consolidate their understanding of the product, quotient and chain rules by focusing on how to determine the most appropriate differentiation method for a given function. They will practise identifying whether to use a single rule or a combination of rules when differentiating more complex functions.
[bookmark: _Toc221176822]Content
Calculations with the derivative
· Identify and apply the product, quotient or chain rule, or a combination of the rules, as appropriate to differentiate a given function


Table 6 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Mixed differentiation
Duration: 1 lesson
Learning intention
· To choose and apply the appropriate differentiation rules for any function.
Success criteria
· I can identify which rule or combination of rules to use for a given function.
· I can differentiate complex functions that require combining multiple rules.
· I can explain my reasoning for choosing a particular rule or combination of rules.
	· Mixed differentiation PowerPoint 
· Appendix A, cut into cards (one per group of 3)
· Appendix B, cut into cards (one per pair of students)
· Appendix C and Appendix D, printed (one per student)
· Adhesive putty
	


[bookmark: _Toc221176823]Learning episode 8 – increasing and decreasing functions 
[bookmark: _Toc221176824]Teaching and learning activity
Students look at increasing, decreasing and stationary functions by relating these ideas to the gradients at various points on a rollercoaster track, and then apply this understanding to different functions. 
[bookmark: _Toc221176825]Content
Graphical applications of the derivative
· Interpret 𝑓(𝑥) as increasing at 𝑥 = 𝑐 when 𝑓'(𝑐) > 0 and decreasing at 𝑥 = 𝑐 when 𝑓'(𝑐) < 0.
· Describe the behaviour of a function at a point as stationary when the tangent at the point is parallel to the 𝑥-axis and recognise that 𝑓(𝑥) is stationary at 𝑥 = 𝑐 when 𝑓'(𝑐) = 0.
· Identify stationary points on the graph of a cubic function, and the values of  for which the function is increasing and/or decreasing, by first calculating the derivative, and justify conclusions


Table 7 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Increasing and decreasing functions 
Duration: 1 lesson 
Learning intention
· To understand how the derivative’s sign shows if a function is increasing, decreasing or stationary at a point. 
Success criteria
· I can use the first derivative to determine if a function is increasing or decreasing at a point.
· I can find where  and describe this as a stationary point.
· I can read and interpret stationary points from a graph as increasing or decreasing intervals. 
· I can find intervals where the function is increasing or decreasing based on derivative values.
	· At least one device per pair of students
· Increasing and decreasing functions PowerPoint
· Appendix A and Appendix B, printed (one per student)
	




[bookmark: _Toc221176826]Learning episode 9 – graphing the derivative function
[bookmark: _Toc221176827]Teaching and learning activity
Students practise identifying where a function has a zero, positive or negative derivative from its graph. Using knowledge of the derivatives of powers of , they identify the expected shape of the derivative function. They practise sketching the derivative function of a function. 
[bookmark: _Toc221176828]Content
Graphical applications of the derivative
· Graph 𝑦 = 𝑓'(𝑥) for a given graph of a function 𝑦 = 𝑓(𝑥)
· Numerically estimate the value of the derivative at a point on the graph of a power of 𝑥, with and without the use of digital tools

Table 8 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Graphing the derivative function
Duration:1 lesson
Learning intention
· To be able to graph the derivative function of a given function.
Success criteria
· I can identify on the graph of a function, where the gradient is zero, positive or negative.
· I can explain what shape a derivative function will take based on the power of the original function.
· I can sketch the derivative function of a given function.
	· At least one device per pair of students
· Graphing the derivative PowerPoint 
· Appendix A, printed on A3 paper (one per group of 3)
· Appendix B and Appendix C, printed (one per student)
	



[bookmark: _Toc221176829]Learning episode 10 – displacement and velocity
[bookmark: _Toc221176830]Teaching and learning activity
Students study a variety of different distance time graphs to learn about displacement and velocity before linking it to calculus and graphing derivatives. 
[bookmark: _Toc221176831]Content
The derivative as a rate of change
Interpret 𝑓'(𝑐) as the instantaneous rate of change of the function 𝑓(𝑥) at 𝑥 = 𝑐
Define and distinguish between displacement and distance and between velocity and speed
Use graphs of functions and their derivatives, without the use of algebraic techniques, to describe and interpret physical phenomena
Use the notation   or  to represent the velocity of a particle with displacement 𝑥 from a point as a function of time 𝑡
Solve problems by determining the velocity of a particle moving in a straight line, given its displacement from a point as a function of time


Table 9 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Displacement and velocity
Duration: 1 lesson
Learning intentions
To be able to explain the difference between distance and displacement as well as velocity and speed.
To be able to calculate the displacement and velocity of a moving object.
Success criteria
· I can define displacement and velocity as having both size and direction.
· I can find the velocity equation from the displacement equation.
· I can find when velocity and displacement are zero and interpret the value.
· I can interpret displacement and velocity graphs with respect to time.
	· Displacement and velocity PowerPoint 
· Appendix A, Appendix B and Appendix C, printed on A3 (one per group of 3)
· Appendix D, cut into cards (one per group of 3)
· Appendix E, printed (for teacher reference) 
· Appendix F, printed (one per student)
· Adhesive putty
· Sticky note
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