
Instantaneous speed 
Students find the instantaneous speed of a linear distance–time graph before progressing to non-linear graphs. They are introduced to secants and their use in estimating the instantaneous speed. 
Learning intentions
To understand the difference between average speed and instantaneous speed.
To be able to use a distance–time graph to estimate instantaneous speed.
Success criteria
I can explain the difference between average speed and instantaneous speed.
I can approximate instantaneous speed using average speed over a short time interval.
[bookmark: _Hlk210383900]I can explain why calculating average speed over smaller time intervals gives better approximations of instantaneous speed.
Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
interprets the meaning of the derivative and determines the derivative of functions to solve problems MAV-11-06
Content
Estimating change
[bookmark: _Hlk214956531]Define the average rate of change of 𝑦 with respect to 𝑥 for a function 𝑦 = 𝑓(𝑥) over the domain [𝑎,𝑏] as   =  , that is =  , and recognise  as the gradient of the secant through (𝑎,𝑓(𝑎)) and (𝑏,𝑓(𝑏)) on the graph of 𝑦 = 𝑓(𝑥)
Describe the difference between the average speed of an object and its instantaneous speed
Determine that the instantaneous speed of an object at time 𝑡 can be approximated by the average speed between its position at time 𝑡 and its position sometime later and explain how this approximation can be improved
Relate the instantaneous speed of an object to the gradient of the tangent at that point on its distance–time graph
Estimate the instantaneous speed of an object from its distance–time graph
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Slide 4 from the PowerPoint Instantaneous speed is used to compare instantaneous and average speed cameras. Students are asked to consider a scenario to unpack which is fairer.
	Pose-Pause-Pounce-Bounce
Think-Pair-Share 
	Students differentiate between instantaneous and average speed. 

	Connecting learning
	Students find the average and instantaneous speed of a linear function (slide 6) before attempting to find it for a non-linear function. Students use a secant (slides 7 and 8) to estimate the instantaneous speed at  using Appendix A
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
	Students discover that using smaller secants produces a better estimate of the instantaneous speed.

	Releasing responsibility
	Define ‘tangent’ using the GeoGebra activity (bit.ly/1principles) and link it to secant and instantaneous speed. Students draw tangents and discuss why they are all different. 
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
	There are 2 activities in the GeoGebra activity. Students will need to scroll down. 

	Independent practice
	Students estimate instantaneous speed using a cyclist’s journey (Appendix B) and use this to describe the route the cyclist may have taken.
	Visibly random groups of 3
	Appendix B does not contain a grid to encourage students to use function values. 



Activity structure
Please use the associated PowerPoint Instantaneous speed to display images in this lesson. 
Activating prior knowledge
Display slide 4 from the PowerPoint showing the image of an average speed camera and an instantaneous speed camera. 
In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), have students discuss the difference between instantaneous speed and average speed.
Average speed refers to the overall speed calculated for the entire journey, while instantaneous speed is the exact speed at a specific moment in time.
Pose the following scenario to students.
Imagine someone drives120 km in 2 hours, so their average speed for the whole trip is 60 km/h. There’s a mobile speed camera on part of the road where the speed limit is 80 km/h, is it possible that the driver could be speeding when they pass the mobile speed camera? Allow students time to consider their response using a Think-Pair-Share.
Students could suggest that the driver was going faster at some points and slower at others or may even stop during the journey. The teacher may wish to represent these suggestions on a distance–time graph. 
Using the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) have students consider which type of camera they think is fairer for drivers, average speed or instantaneous and why?
Connecting learning
1. Show slide 6 of the PowerPoint displaying the distance time graph representing the function  The graph is modelling a car’s journey. 
1. Have students engage in a Think-Pair-Share to calculate: 
the average speed for the whole journey
the instantaneous speed at the 2-hour mark of the journey. 
Average speed and instantaneous speed are both 60 km/h. The instantaneous speed is calculated using the gradient of the line at the 2-hour mark of the journey. 
1. Pose the question, ‘Why do the average speed and instantaneous speed come out the same in this case?’ Use the Pose-Pause-Pounce-Bounce questioning strategy to draw out that the function is linear and therefore the rate of change is constant.
1. Show slide 7 which uses the function  to model a jogger’s journey over 3 hours. 
1. Distribute Appendix A ‘Jogger’s journey’. 
1. In another Think-Pair-Share, have students calculate the average speed of the jogger over the 3 hours.
The average speed for the journey is 11 km/h. Students should be encouraged to substitute 3 into the function  to get an accurate answer. 
1. Have students draw a straight line to represent the average speed from 0–3 hours. Tell students that this line is called a secant. 
1. Animate slide 7 to model the average speed as a secant for students and formally define the term ‘secant’.
The NESA syllabus glossary defines a secant as ‘A straight line passing through 2 points on the graph of a function.’ (NESA 2024)
1. In another Think-Pair-Share, have students attempt to calculate the instantaneous speed at the 2-hour mark of the journey. At this point, they should begin to realise the difficulty in finding instantaneous speed directly.
1. Display slide 8 to model how using secants over progressively smaller intervals allows the average speed to approach the instantaneous speed. 
1. Animate slide 8 to show the tangent to the curve and tell students that this represents the instantaneous speed at the 2-hour mark.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to check students’ understanding of the diagram on slide 8. Possible questions could include:
Which secant best estimates the instantaneous speed at the 2-hour mark of the journey? 
What do you think might happen if I chose 2 points even closer together on the curve, both nearer to ?
1. Tell students that the jogger’s smart phone has a speedometer. His speedometer app indicates that the instantaneous speed at the 2-hour mark of the journey was 14 km/h.
1. Using Appendix A, have pairs construct a secant and find its gradient. 
1. Repeat step 14, this time constructing a secant that has a better approximation of the instantaneous speed. 
1. Have pairs join with another pair and compare the gradients of their secants to the actual instantaneous speed of 14 km/h. 
1. In a Think-Pair-Share, ask students which secant they think is a better representation of instantaneous speed at the 2-hour mark and why? 
Students should suggest that using smaller secants would produce a better estimate of the instantaneous speed.


Releasing responsibility
1. Display the GeoGebra activity (bit.ly/1principles). 
This GeoGebra has 2 activities. The teacher will need to scroll down to display the second activity. 
1. Explain to students that the line that represents instantaneous speed on a curve is called a tangent. Formally define the term ‘tangent’. 
For a curve at a given point the tangent can be described intuitively as the straight line that ‘just touches’ the curve at that point (NESA 2024).
While displaying the first GeoGebra activity, in a Think-Pair-Share, have students predict what will happen to the blue line (secant) and the red line (tangent) as the slider decreases the distance between the 2 points. 
Adjust the slider to verify student’s predictions. 
1. Explain to students that the rate of change at a point is represented by the gradient of the tangent. 
1. While displaying the second GeoGebra activity, ask students to write the gradient of the tangent at point  and .
1. Again, in a Think-Pair-Share, have students predict what will happen to the gradient of the secant and the tangent as the slider moves towards 0. 
1. Adjust the slider to verify students’ predictions and reiterate that the gradient of the secant is the same as the gradient of the tangent at the point as the slider approaches 0. 
1. Drawing students back to Appendix A, have them construct a tangent on their graph at  to represent the instantaneous speed and find the gradient of this line. 
1. Have students compare their tangents with the neighbouring pairs.
1. Conduct a class discussion about why the gradients of their tangents are different and therefore not accurate.
Students need to realise that for a secant, we can calculate the gradient accurately using 2 points on the function. However, for a tangent, we only have one point on the function and drawing an accurate tangent by eye is difficult. 
Use the Pose-Pause-Pounce-Bounce questioning strategy to have students consider how they could approximate the instantaneous rate of change at a particular point if it is not possible to construct an accurate tangent.
Students should recognise that the gradient of a very small secant close to the point is the best estimate. 
Independent practice
1. Distribute Appendix B ‘Cyclist journey’ to students. This appendix includes the distance–time graph of the function  where  is the distance in  and  is the time in hours.
1. Instruct students to calculate the average speed for the entire 4-hour journey. 
Average speed . 
1. Direct students to approximate the instantaneous speed of the cyclist at  and  hours by drawing secants, choosing appropriate intervals, to estimate the gradient of the tangent at each point. 
Instantaneous speeds at ,and respectively are , , , .
1. In visibly random groups of 3 (bit.ly/visiblegroups), have students compare their secants. Students are to decide which gradient is the best approximation for each stage of the journey. 
1. Using the best approximations from their group, have student use the instantaneous speeds to describe the journey of the cyclist. 
Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Students could be given a copy of the graph on slide 4 of the PowerPoint to use to find the gradient rather than using function notation.
Speed cameras in the local area could be used to further explain the difference between instantaneous speed cameras and average speed cameras. 
Connecting learning 
Students could be provided with pre-drawn secants, a table of values or modelled worked examples to find average speed.
The difficulty of the function could be modified to extend students.
Releasing responsibility
The GeoGebra model could be co-constructed to aid students’ understanding.
The metaphor ‘going off on a tangent’ could be used to build understanding of the term ‘tangent’. 
Independent practice
Provide a grid on the graph to support students in calculating gradients.
Challenge students to create their own function to model a cyclist’s 4-hour journey and use secants to check whether the speeds are reasonable.


Suggested opportunities for assessment
Connected learning 
Students’ responses about the car journey could be used to check for understanding of average and instantaneous speed using a linear function. 
Check students’ gradients of secants to assess their ability to find function values and gradients. 
Monitor responses in class discussions to check for student understanding of how to estimate instantaneous speed.
Releasing responsibility
Monitor students’ responses during class discussions to check for understanding of the difference between a secant and a tangent and what rates of change they represent.
Independent practice
Appendix B could be used as an exit ticket to assess students’ ability to find the gradient of a secant and use it to estimate instantaneous speed. 



[bookmark: _Appendix_A]Appendix A 
Jogger’s journey

[image: A distance-time graph of the function d(t)=3t^2+2t from t=0 to t=3.]

[bookmark: _Appendix_B]Appendix B 
[bookmark: _Cyclist_journey]Cyclist journey
 [image: A distance-time graph of the function d(t)=-3t^3+18t^2+6t between t=0 and t= 4. ]
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