
Inverse variation
Students develop understanding of inverse variation relationships by modelling contexts with equations in the form  and then . They use graphs to analyse how changes in  and  affect the shape and features of reciprocal functions and relate this to the context of the model.
Learning intentions and success criteria should be shared with students later in the learning episode.
Learning intention
To be able to solve problems when one quantity varies inversely with another.
Success criteria
I can develop an inverse variation model.
I can recognise the differences between direct and inverse variation.
I can connect the equation of an inverse variation relationship to its graph.
I can find an unknown  when given values for the dependent and independent variables in an inverse variation relationship.
I can solve problems involving inverse variation.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
applies algebraic techniques and the laws of indices and surds to manipulate expressions and solve problems MAV-11-01
uses functions and relations to model, analyse and solve problems MAV-11-02
Content
Direct and inverse variation
Develop the model , where  is a non-zero constant, from descriptions of situations in which one quantity varies inversely with another
Evaluate  in the equations  and , given one pair of values for the variables, and use the resulting formula to find other values of the variables
Analyse and solve problems involving direct and inverse variation
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Boyle’s law is demonstrated with a syringe and a marshmallow to show an inverse variation relationship, followed by a ‘Which one doesn’t belong?’ activity on slide 3 of the PowerPoint Inverse variation to support discussion. Students then attempt the problem on slide 5. 
	Think-Pair-Share
Notice and wonder
Which one doesn’t belong?
Mini whiteboards
	Students begin informally recognising that there are alternatives to direct variation.

	Connecting learning
	Students connect the marshmallow demonstration to inverse variation through a series of examples and develop an informal definition of inverse variation, using slides 7–11. Desmos is used (bit.ly/InverseVariationDesmos) to prompt discussions about different values in .
	Mini whiteboards
Think-Pair-Share
Pose-Pause-Pounce-Bounce
	Inverse variation can be modelled with equations of the form , where the constant of variation  controls vertical dilation.

	Releasing responsibility
	Slides 13–15 are used to demonstrate worked examples of answering different questions involving inverse variation, before completing Appendix A. Students then complete Four-quadrant notes using Appendix B.
	Worked examples (Your turn)
Variation Theory
Visibly random groups of 3
Vertical non-permanent surfaces
Four quadrant notes
	Students develop strategies to answer questions involving inverse variation.

	Independent practice
	Students use the problem-solving scaffold on slide 17 to attempt an HSC-style question in Appendix C. Slides 18 and 19 are used to show a marking criteria and solutions. 
	Visibly random groups of 3
Vertical non-permanent surfaces
	Students apply their learning to an HSC style question, reflecting on the value of different marks.



Activity structure
[bookmark: _Hlk210979918]Please use the associated PowerPoint Inverse variation to display images in this lesson.
Activating prior knowledge
The following steps explore Boyle’s law. 
Equipment required
· A plastic syringe (such as those supplied with young children's medicine)
· A mini marshmallow
If sufficient materials are available, students should perform the experiment themselves. If not, show the video ‘Boyle’s Law With Just A Marshmellow’ (0:49) (bit.ly/BoylesMarshmallow).
Draw a smiley face on a mini marshmallow and place it inside the plastic syringe. 
Place a finger over the bottom of the syringe and press the plunger up and down to demonstrate what happens.
As you demonstrate, use a Think-Pair-Share (bit.ly/thinkpairsharestrategy) to ask students what they notice and wonder (bit.ly/noticewonderstrategy).
Students may notice that the marshmallow expands as the plunger rises, and contracts as it is pushed down. They may wonder why the marshmallow changes size.
Display slide 3 to introduce a ‘Which one doesn’t belong?’ (WODB) activity (talkingmathwithkids.com/wodb-about) for students to discuss in a Think-Pair-Share.


It is expected that students will identify the bottom-right option as representing inverse variation. While some may use the term ‘inverse variation’ if they have covered Stage 5 Variation and rates of change A (Path) outcome MA5-RAT-P-01, it is sufficient at this stage for them to describe the relationship informally. Students may also comment that:
· top left: only option with  not a whole number and presented as an equation 
· top right: only option presented as a graph
· bottom left: only option presented as a word problem
· bottom right: only option presented as a table.
Continuing to slide 4, reveal the learning intentions and success criteria for this lesson.
Distribute mini whiteboards (bit.ly/miniwhiteboards). Show slide 5 and have students do a Think-Pair-Share, solving the problem on their boards to show what they understand.
The solution is found by solving  125 kPa.
Connecting learning
1. Continuing in pairs, invite students to discuss how the marshmallow problem connects with any of the options from the original ‘Which one doesn’t belong?’ activity. 
Slide 7 can be used to support this connection.
1. Describe this as an example of an inverse variation relationship and informally define it.
Inverse variation can be defined as ‘one variable increases as the other variable decreases by a constant of variation, , (or proportion)’ (NESA 2024).
1. Use mini whiteboards for students to complete a check for understanding using the following prompts. Read each prompt aloud, pausing between statements to allow students to represent each scenario as an equation while they flip their boards up for the teacher to observe their responses.
·  painters paint a wall for  hours each. The total number of hours worked is 36 hours.
·  workout partners share the squat rack equally over 60 minutes in the gym, each spending T minutes at the squat rack.
· A bus takes  hours to travel 180 km for a school excursion and travels at  km/h.
The expected series of equations would be:
· 
· 
· .
This activity mimics the structure used to develop modelling linear functions in Unit 3 – working with linear and quadratic functions, Lesson 2 – modelling linear functions. 
In a Think-Pair-Share, ask students to discuss which variable would be independent and to rearrange their formulas to reflect this on their mini whiteboard.
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to identify gaps in understanding of the connection between these equations and their graph. The following are some suggested prompts:
What kind of graph will be used to visualise this model?
How does the dilation factor relate to the constant of variation?
What key features need to be displayed in this type of graph when sketching it?
Inverse variation is an example of a reciprocal equation, which was introduced in Lesson 3 – the cubic and reciprocal function of Unit 2 – introduction to functions. The dilation factor was introduced in Lesson 8 – dilations (enlargements and reductions).
Sketch each equation and compare it with a peer as part of a turn and talk (bit.ly/classroomtalkmoves). Invite students to share what is common and what is different between graphs.
Students are expected to share that the shape of each graph is the same, but the scale may vary.
Inform students that now they will focus on finding the constant of variation. Silently display each prompt below using slides 8–9, pausing between transitions to allow students to represent each scenario as an equation on their mini whiteboard. Students should flip their boards up for the teacher to observe their responses and check for understanding.
· The time it takes to download a movie is inversely proportional to the internet speed. If it takes 20 minutes with a speed of 50 Mbps, what is the constant of variation?
· The battery life of a Bluetooth speaker is inversely proportional to the volume setting. If the speaker lasts 12 hours at 30% volume, what is the constant of variation?
The constant of variation for each problem is 1000 and 360 or 3.6 (depending on whether the student uses 30 or 0.3), respectively.
If required, provide students with an existing resource to consolidate their understanding of inverse variation in the form .
Now ask students to calculate and in a Think-Pair-Share, discuss what has happened to the constant of variation drawn from the information on slide 10.
Students should recognise that the constant of variation should be constant; however, this is not the case in this scenario. The reason for this is that luminosity inversely varies with the square of the distance when aimed at a vertical surface. 
This means the equation adjusts from  to .
Use slide 11 to inform students of the formal definition of an inverse variation relationship in Mathematics Advanced.
Inverse variation is formally defined as ‘When one variable increases as the other variable decreases. For example, if  is said to be ‘inversely proportional’ to , the equation is of the form , where  is a constant of variation (or proportion). Also known as inverse proportion’ (NESA 2024).
On the board, use graphical applications to demonstrate the impact that changes in  and  have on different values (bit.ly/InverseVariationDesmos). 
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to initiate a class discussion, firstly concentrating on the value of . Suggested question prompts include:
How does the shape of the reciprocal function change as  increases?
Explain what features remain the same.
The Desmos display shows a dotted line to represent . Students should discuss that increasing  results in the values to the left of (1,1) moving above the original curve, whereas values to the right of (1,1) move below the curve. Students may also recognise that the point (1,1) remains the same and that the asymptotes remain unchanged. Students may also discuss what is happening for values of , which may provide an opportunity to discuss how domains may be further limited by the context provided in models.
Use the Desmos graph to bring attention to the dilation slider. Silently demonstrate for students the effect of changing  for different values of . Once you have visually established the effect of , move the bottom slider to turn on dilation mapping, and once again visually demonstrate changes of  for different values of .
Ask students, through a heads or tails activity, whether the value of  is a vertical dilation (students put their hands on their heads) or a horizontal dilation (students keep their hands in their laps, or behind them if standing). Discuss the dilation factor with students through a Pose-Pause-Pounce-Bounce questioning strategy, using the following suggested prompts:
How do we know that  represents a vertical dilation?
What do changes in  mean, practically, as  increases?
The purpose of this questioning is to connect the constant of variation to previous learning on dilation. Students could discuss aspects such as the height of the graph changing, the value of  being the equivalent of substituting  into  or the input values being independent. Students may also recognise that as  becomes large, the reciprocal function takes longer to approach zero.
Releasing responsibility
1. Use slides 13–15 from the PowerPoint to model worked examples of answering questions involving inverse variation using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
Distribute Appendix A ‘Inverse variation’ which uses Variation Theory (variationtheory.com/introduction/) to build fluency.
Assign students to visibly random groups of 3, and ask them to complete Four quadrant notes (bit.ly/supportingstrategies) from Appendix B ‘Four quadrant notes’ on a vertical non-permanent surface (bit.ly/VNPSstrategy) before transferring their work to their books.
Independent practice
1. Use slide 17 to unpack the ‘Approaching questions scaffold’ for students. 
The ‘Approaching questions scaffold’ offers students a 4-step framework to work through questions. Each step is accompanied by an icon that corresponds to different aspects of the solution process.
1. Distribute Appendix C ‘Mobile phone battery’ and a sheet of graph paper printed in A3 in a plastic sleeve to each group of 3.
Graph paper can be found on websites such as https://print-graph-paper.com/.
Ask students to use the ‘Understand’ step of the ‘Approaching questions scaffold’ for parts a and b of Appendix C, by discussing what each of the marks would be attributed to. Select non-volunteer students from each group to share their ideas.
Show slide 18, which reveals a sample marking criteria for parts a and b of Appendix C. Discuss with students how this matches their expectations. 
Give students time to independently complete Appendix C parts c and d, using the ‘Approaching questions scaffold’.
Reveal slide 19, which shows the solution and give students time to reflect on their solution. 
Initiate a class discussion to evaluate how students interpreted and modelled the inverse variation in the battery life scenario. Some suggested prompts include:
In what ways does your solution match or differ from the marking criteria?
What reasoning did you use to find the constant of variation and represent the relationship in the table and graph?
How would changes in brightness or ambient light affect battery life, and why does this follow inverse variation?


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Sentence starters can be provided for less confident students in the ‘notice and wonder’ activity. 
Challenge students by asking them to hypothesise why volume and pressure are inversely related before revealing the connection.
Connecting learning 
Use the Desmos sliders for visual learners, and challenge students to experiment with the values of . 
When discussing the limitations of the domain, class discussions could be led on the impact of different scenarios on the range, such as when comparing the rate of cooling and time after sunset. 
Releasing responsibility
Students may need a few faded examples prior to completing Appendix A.
Further scaffolding can be provided on Appendix B, with suggestions in the ‘Things to remember’ section. 
Challenge students to create an example for example 3 where .
Independent practice
To support students, a scaffold can be provided in Appendix C. 
Students can use a graphing application to support them with the activity. 
Students can be challenged by modifying the model to test how changes in context affect  or . 


Suggested opportunities for assessment
Activating prior knowledge 
Observe responses in the Think-Pair-Share activity to check for initial misconceptions.
Connecting learning 
Monitor mini whiteboard equations to check students' understanding of expressing scenarios in the form .
Use the Pose-Pause-Pounce-Bounce questioning strategy to check students' conceptual understanding of the graphs' features.
Releasing responsibility
Check student responses to both Appendix A and Appendix B to check students' understanding of solving inverse variation problems. 
Circulate during group note-taking to listen for precise mathematical language being used. 
Independent practice
Collect student responses to Appendix C to evaluate their independent application. 
Use the sample marking criteria on slide 17 to facilitate self- and peer-assessment. 


[bookmark: _Appendix_A]Appendix A 
Inverse variation
1.  varies inversely with . When , . Find  when . 
 varies inversely with . When ,. Find  when .
 varies inversely with . When , . Find  when .
 varies inversely with . When , . Find  when . 
 varies inversely with . When , . Find  when .
The force  varies inversely with the cube of the distance . When , .
Find  when .
The force  varies inversely with the cube of the distance . When , .
Find  when .
The force  varies inversely with the cube of the distance . When , .
Find  when .
The force  varies inversely with the fourth power of the distance . When , .
Find  when .
The force  varies inversely with the fourth power of the distance . When , .
Find  when .

[bookmark: _Appendix_B]Appendix B 
Four quadrant notes
	Example 1
 varies inversely with . When , . Find  when .

	Example 2
 varies inversely with the cube of . When , . Find  when .

	Things to remember

	Example 3


[bookmark: _Appendix_C]Appendix C
Mobile phone battery
A student believes that the time a phone battery lasts ( hours) varies inversely with the screen brightness setting (). The student observes that at a brightness of 40% the battery lasts for 15 hours.
Find the equation relating  and . (2 marks)
By first completing the table of values, graph the relationship between screen brightness and battery life for  to . (2 marks)
	
	20%
	40%
	80%

	
	
	
	


The phone has many background processes running, which causes the graph of  against  to undergo a horizontal dilation by a factor of 1.5.
Write down the new equation relating  and . Draw the new curve on the same set of axes. (2 marks)
The screen brightness  varies inversely with the square of the ambient light level  (lumens), because the phone automatically adjusts brightness to compensate for light conditions.
How would the battery life  vary with the ambient light level ? Justify your answer. 
(2 marks)


Sample solutions
Appendix A – inverse variation
	1. 
	

	
	

	
	

	
	

	
	


Appendix B – Four quadrant notes
	Example 1
 varies inversely with . When , . Find  when .

	Example 2
 varies inversely with the cube of . When , . Find  when .


	Things to remember
When , inverse variation represents a reciprocal function.
When one variable increases as the other variable decreases.
Also known as inverse proportion.
	Example 3
 varies inversely with the fourth power of . When . Find  when .
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