
Direct variation
Students learn to recognise, model and analyse direct variation relationships of the form . They analyse how the constant  and the exponent  affect the relationship between 2 variables.
Learning intention
To understand how direct variation models of the form  represent proportional relationships.
Success criteria
I can identify direct variation models.
I can calculate the constant of variation  from given values of  and .
I can interpret and analyse graphs of direct variation to make connections between algebraic and graphical representations.
I can explain how  changes for different powers .


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
uses functions and relations to model, analyse and solve problems MAV-11-02
Content
Direct and inverse variation
Develop models of the form , where  is a non-zero constant, from descriptions of situations in which one quantity varies directly with another
Evaluate  in the equations  and , given one pair of values for the variables, and use the resulting formula to find other values of the variables
Analyse and solve problems involving direct and inverse variation
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slide 4 of the PowerPoint Direct variation, for students to sketch linear, quadratic and cubic functions, discussing how different values of  affect the vertical dilation.
	Visibly random groups of 3
Vertical non-permanent surfaces
	The aim of this activity is to recall prior knowledge of vertical dilations, replacing  with , reinforcing how the value of  affects the rate of change of functions. This activity prepares students to connect the role of  in direct variation.

	Connecting learning
	Students perform a basketball experiment to compare the bounce heights of a basketball that is cold, compared to one at room temperature.
Use slide 6 to display the related model, discussing observations of the model and identifying the dependent and independent variables. Slide 7 shows a new model to compare to the previous. Use slide 8 to define direct variation and have students complete Appendix A.
	Pose-Pause-Pounce-Bounce
Think-Pair-Share
	The purpose of this activity is to demonstrate real-world examples of proportional relationships. Emphasis should be given to the fact that direct variation models pass through the origin. Connections should be made between the algebraic models and their graphical representation.

	Releasing responsibility
	Use slide 10 to extend on the definition of direct variation to include the equation, using the Desmos graph (bit.ly/DesmosDirectVariation) to demonstrate how the graph changes as the value of  chagnes. Use slides 11–14 to model how to calculate the value of  and solve direct variation problems.
Students complete Appendix B.
	Think-Pair-Share
Worked examples (Your turn)
Pose-Pause-Pounce-Bounce
Faded examples
	This section reinforces the connection between , the graph and what differing values of  have been in the context of the direction variation problem. A connection should be made between the equation of the model and its graph.

	Independent practice
	Use slides 16–18 for students to work through direct variation problems that involve comparing 2 or more models.
	Think-Pair-Share
	The aim of this section is to compare differing models and strengthen their understanding of how each of the dependent and independent variables relate to one another for the differing models.



Activity structure
Please use the associated PowerPoint Direct variation to display images in this lesson.
Activating prior knowledge
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy).
1. Use slide 4 to display a set of linear, quadratic and cubic functions for students to sketch in their groups.
Encourage students to use their understanding of graph transformations. Remind them that they are producing a sketch, so the sketch does not need to be precisely to scale.
1. Click to animate the self-explanation prompts on slide 4, for students to discuss in their groups.
1. Facilitate a class discussion for students to share their answers to the prompts on the slide.
Students should connect their prior learning of vertical dilation, where  has been replaced with  and may explain that each function was affected in a similar way, which is what they have previously learned in Lesson 9 – dilations (horizontal or vertical).
Continue the class discussion to draw attention to how graphs change when  compared with when . Emphasise that different values of  affect the rate at which the graph increases or decreases, setting up the idea of how  plays a role in direct variation.


Connecting learning
Equipment needed
· Two basketballs, or an equivalent smaller sized ball: one at room temperature, one that has been kept in the refrigerator
· A space where basketballs can be bounced safely
1. Show students the 2 basketballs and explain which one has been kept cold.
1. Pose the following problem to the class:
Will both basketballs bounce to the same height? How do you know?
Select a volunteer student to hold one basketball in each hand at the same height and drop them at the same time. The class should observe the differences.
[image: Cartoon image of a person holding 2 basketballs at the same height.]
This work was generated using ChatGPT. Any copyright subsisting in this work is owned by © State of New South Wales (Department of Education), 2025.
The basketball that had been kept in the refrigerator should bounce lower.
Initiate a class discussion as to why this may have occurred. Some suggested prompts may include:
Why do you think the cold basketball didn’t bounce as high?
What might happen if we left a basketball outside on a hot day and then bounced it?
Explain to students that this is an example of Gay-Lussac’s law, which says that for a fixed amount of gas at constant volume, pressure increases as temperature increases, and pressure decreases as temperature decreases. That is, that pressure inside the basketball changes with temperature, as the temperature decreases the pressure inside the basketball also decreases.
Students may be familiar with how the ideal gas law relates to other gas laws if they study Year 11 chemistry.
Explain to students that scientists measure temperature using Kelvin (K). Kelvin starts at absolute zero, so there are no negative temperatures. Tell students that this is how temperature will be measured for this scenario. The conversion should be shared with the class:
, for example, 
Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to explore the variables in this scenario. Suggested prompts include:
Which variable are we changing (independent), and which one is responding (dependent)?
If we graphed this, which axis would each variable go on?
Are there any limits on what values these variables can take?
Encourage students to explicitly use the language of independent and dependent variables. Guide the discussion towards recognising that only positive values of temperature and pressure make sense, so the graph exists only in the first quadrant.
Students have previously learned to refer to  as the independent variable and  as the dependent variable in Lesson 1 – functions of Unit 2 – introduction to functions.
Use slide 6 to display the model of this relationship, , where  is the temperature of the ball in Kelvin () and  represents the gauge pressure of the ball measured in pounds per square inch (psi), including its graph.
Students may need the language explained. Such as, gauge pressure means the air pressure inside the ball, and psi (pounds per square inch) measures how much force the air pushes on each square inch of the ball’s surface.
Click to animate slide 6 and in a Think-Pair-Share (bit.ly/thinkpairsharestrategy) have students discuss and complete the question.
Students should share that the NBA basketballs should be stored in a room with a temperature range of 274.7 K and 311.0 K. Meaning that the NBA basketballs should be stored in a room with a temperature that ranges between  and .
Use slide 7 to explain to students that the NBA is trialling a new gas for inflating basketballs, which keeps the pressure more stable under varying temperatures. This gas follows a new model,  which can be seen graphed next to the previous model.
Initiate a class discussion to compare the 2 models. Some suggested prompts include:
What is the same and what is different about the 2 models?
How do these similarities and differences affect how pressure changes with temperature in each model?
The following points should be drawn out in the discussion:
· Both models show that pressure increases as temperature increases.
· The gradient of each line is slightly different, meaning one pressure changes faster with temperature compared to the other.
· Both lines pass through the origin, meaning that zero temperature gives zero pressure.
Use slide 8 to introduce and define direct variation. Explain the importance of this model is that it passes through the origin. Students may need to also define the term ‘proportional’.

Direct variation is ‘a proportional relationship where one quantity directly varies with respect to a change in another quantity. This implies that if there is an increase (or decrease) in one quantity then the other quantity will experience a proportionate increase (or decrease)’ (NESA 2024).
Relate this definition back to the basketball example where the pressure changes directly in proportion to the temperature.
Proportional is ‘a constant ratio between corresponding elements of 2 sets’. For example, the circumference and diameter of a circle are in proportion as their ratio is constant,  (NESA 2024).
Students may have previously learned about direct variation if they completed the Stage 5 Variation and rates of change A (Path) outcome MA5-RAT-P-01.
Distribute Appendix A ‘Direct variation’ for students to complete in pairs. They should discuss each scenario and decide whether it represents a model of direct variation, providing reasoning for their answers.
This activity gives students the opportunity to apply the concept of direct variation to a variety of contexts, reinforcing their understanding of proportional relationships and the importance of the relationship passing through the origin.
Releasing responsibility
1. Use slide 10 to define the equation for direct variation models. Click to animate the slide and in a Think-Pair-Share have students discuss the self-explanation questions.
1. Display the Desmos graph ‘Direct variation’ (bit.ly/DesmosDirectVariation) for the class, confirming their understanding of the definition of a direct variation model and its graph.
Use the slider for ‘’ to demonstrate how each of the graphs change in a similar way.
Draw attention to the fact that each graphical model passes through the origin .
Connect this to the graphs students explored in the ‘Activating prior knowledge’ section. Note that while they haven’t encountered equations like  and  before, these functions behave in the same way as the linear, quadratic and cubic functions they already know.
1. Explain to students that , the constant of variation, influences the graph in the same way as the vertical dilations they explored earlier, where different values of  ( or ) produced different graphs. In direct variation models, however,  is a fixed constant that determines the relationship between the 2 variables. A larger value of  means the independent variable changes more rapidly, while a smaller value of  means it changes more gradually.
1. Use slides 11–14 to model evaluating  in the equation , given one pair of values for the variables using the Worked examples (Your turn) strategy (bit.ly/supportingstrategies).
Use a graphing application to show each model, to help students link it to the graphs explored earlier in the ‘Activating prior knowledge’ section.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to guide students in identifying and discussing the key concepts demonstrated in the worked examples. Some suggested prompts include:
Why is it important to decide which variable is independent and which is dependent before writing your equation?
How do the values you have for the variables help you determine the constant of variation, ?
1. Distribute Appendix B ‘Faded examples’ (bit.ly/fadedexamplesstrategy) for students to complete.
1. Encourage students to annotate their faded examples, identifying key steps and decisions in the process of finding  and solving direct variation problems.
1. Students may benefit from completing further practice questions involving direct variation problems from an existing resource.
Independent practice
1. Use slide 16 to display a direct variation problem that compares 2 models. In a Think-Pair-Share have students complete the question. Encourage them to recall the graphs they sketched earlier on slide 4 to assist in their reasoning.
1. Click to animate an additional model for students to attempt in their pairs.
1. During sharing, prompt students to explain their reasoning.
Students may discuss how  changes when  doubles for each model. They might notice that for:
· ,  also doubles
· ,  more than doubles
· ,  increases even more dramatically.
1. Click to animate the self-explanation prompt, allowing students time to process and discuss in their pairs.
1. Initiate a class discussion to explore how  changes when  doubles or takes on other values, and to identify the factor by which each model increases. Some suggested prompts include:
Can you calculate the factor of change?
How do the factors of increase compare between the linear, quadratic and cubic models?
Can you predict the factor of change for any  if you know the power of  in ?
Students should recognise that in , the factor by which  changes depends on both  and the change in . For example:
· for : if  doubles,  doubles (factor of 2)
· for : if  doubles,  increases by a factor of  (factor is )
· for : if  doubles,  increases by a factor of  (factor is ).
They should see the general pattern that multiplying  by a factor  multiplies  by , and be able to compare how higher powers make  increase faster.
1. Display slide 17 and have students, complete the question in their pairs. Encourage them to recall the graphs they sketched earlier on slide 4 to assist in their reasoning.
1. Initiate a class discussion for students to share their answers, comparing this set of direct variation models with the previous set on slide 16. Some suggested prompts include:
By what factor does  change for each model?
How do the factors compare across the different powers?
As with , students should notice that doubling  multiplies  by . Higher powers produce faster growth, and the pattern generalises: multiplying  by a factor  multiplies  by .
Slide 18 can be used as an extension problem for students. Slide 19 contains the solution.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Students may benefit from creating a table of values or using graphing applications.
Challenge students to consider what the graph of higher-degree functions would look like, such as .
Connecting learning
To support students, additional examples can be given, such as comparing the hourly rate to the number of hours worked, linking this to an equation and its graph.
Challenge students by comparing multiple models and small variations in .
Releasing responsibility
Students can be provided with further scaffolding on the faded examples, such as the subheadings used in the worked examples to support them.
Students can explore problems with values of  to challenge them.
Encourage students to identify the key features of each graph for the 3 models explored in Appendix B.
Independent practice
To support students, provide simpler examples that include scaffolding for them to consider specified values of .


Suggested opportunities for assessment
Activating prior knowledge
Observe student discussion for correct identification of graph transformations.
Check sketches at vertical non-permanent surfaces for correct understanding of how the value of  impacts the graphs.
Connecting learning
Observe discussions and reasoning to check students’ prior understanding of independent and dependent variables.
Review students completed Appendix A responses for correct identification and justification of direct variation.
Releasing responsibility
Use the responses to the self-explanation prompts to check students’ understanding of the steps involved in calculating .
Collect Appendix B and check the annotations students made, to check students’ understanding of solving direct variation problems.
Independent practice
Observe student reasoning in class discussion about factors of change.
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[bookmark: _Appendix_A]Appendix A
Direct variation
Read each scenario carefully. Identify the 2 variables, determine whether the situation shows a model of direct variation, explaining your reasoning.
	
	Scenario
	Variables
	Table of values
	Model of direct variation?
	Reasoning

	1
	A basketball kept at room temperature has a pressure that increases by 0.4 psi for every one Kelvin increase in temperature.
	Temperature (K)
Pressure (psi)
	[image: A table of values, x and y. showing (0,0), (1,0.4), (2,0.8) and (3,1.2).]
	Yes
	The pressure increases as the temperature increases, and the model passes through the origin.

	2
	A student earns $21 for every hour they work at their part-time job.
	
	[image: A blank table of values for x and y, showing x=0,1,2,3.]
	
	

	3
	A runner’s lap time varies unpredictably: 82 seconds, 95 seconds, 84 seconds.
	
	[image: A blank table of values for x and y, showing x=0,1,2,3.]
	
	

	4
	The voltage across a fixed resistor decreases by 3 volts for every one ampere decrease in current.
	
	[image: A blank table of values for x and y, showing x=0,1,2,3.]
	
	

	5
	A theme park charges $50 entry plus $5 per ride.
	
	[image: A blank table of values for x and y, showing x=0,1,2,3.]
	
	



[bookmark: _Appendix_B]Appendix B
Faded examples
	Question 1
	Question 2
	Question 3

	The cost of fencing, , varies directly with the length of the fence, .
A 23 m fence costs $195. Calculate the length of fence received if the cost was $135.65.
	The volume of water in a tank, , varies directly with the cube of the water’s height, .
A tank with water 2 m high contains 16 of water.
Calculate the volume when the water height is 3.5 m.
	The stopping distance, , is directly proportional to the square of the car’s speed, 
A car travelling at 60 km/h needs 28 m to stop.
Calculate the speed of the car if the stopping distance is 70 m.

	Direct variation, 

	
	

	When , 

	
	

	
	
	

	Substitute in 


, correct to nearest whole number.
 For the cost of $135.65, the fence length will be 16 m.
	Substitute in 

 When the water height is 3.5 m, the volume of water is 85.75.
	



Sample solutions
Appendix A – direct variation
	
	Scenario
	Variables
	Table of values
	Model of direct variation?
	Reasoning

	1
	A basketball kept at room temperature has a pressure that increases by 0.4 psi for every one Kelvin increase in temperature.
	Temperature (K)
Pressure (psi)
	[image: A table of values, x and y. showing (0,0), (1,0.4), (2,0.8) and (3,1.2).]
	Yes
	The pressure increases as the temperature increases, and the model passes through the origin.

	2
	A student earns $21 for every hour they work at their part-time job.
	Hours worked
Money earned ($)
	[image: A table of values, x and y. showing (0,0), (1,021), (2,42) and (3,63).]
	Yes
	The money earned increases as the number of hours worked increases and the model passes through the origin.

	3
	A runner’s lap time varies unpredictably: 82 seconds, 95 seconds, 84 seconds.
	Lap number
Time (seconds)
	[image: A table of values, x and y. showing (0,0), (1,82), (2,95) and (3,84).]
	No
	Times do not change proportionally.

	4
	The voltage across a fixed resistor decreases by 3 volts for every one ampere decrease in current.
	Current (ampere)
Voltage (volts)
	[image: A table of values, x and y. showing (0,0), (1,3), (2,6) and (3,9).]
	Yes
	As current decreases, voltage decreases at a constant rate because the resistor is fixed.

	5
	A theme park charges $50 entry plus $5 per ride.
	Number of rides
Total cost ($)
	[image: A table of values, x and y. showing (0,50), (1,55), (2,60) and (3,65).]
	No
	The total cost does not start at zero; there’s a fixed fee, so it’s not proportional.



Appendix B – faded examples
	Question 1
	Question 2
	Question 3

	The cost of fencing, , varies directly with the length of the fence, .
A 23 m fence costs $195. Calculate the length of fence received if the cost was $135.65.
	The volume of water in a tank, , varies directly with the cube of the water’s height, .
A tank with water 2 m high contains 16  of water.
Calculate the volume when the water height is 3.5 m.
	The stopping distance, , is directly proportional to the square of the car’s speed, 
A car travelling at 60 km/h needs 28 m to stop.
Calculate the speed of the car if the stopping distance is 70 m.

	Direct variation, 

	Direct variation, 

	Direct variation, 


	When , 

	When 



	When , 


	
	
	

	Substitute in 


, correct to nearest whole number.
 For the cost of $135.65, the fence length will be 16 m.
	Substitute in 

 When the water height is 3.5 m, the volume of water is 85.75 .
	Substitute in 



, correct to one decimal place.
 The speed of the car is  when the stopping distance is 70 m.
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