
Composite functions
Students are introduced to composite functions through visual representations, before deepening their understanding through function machines and Amplify (Desmos) activities. Students then formally define and determine the equations of composite functions.
Students will need at least one digital device per pair to interact with Amplify (Desmos) during this lesson.
Learning intentions
To understand and use composite functions, where the output of one function becomes the input of another.
To determine the equation of a composite function.
Success criteria
I can accurately evaluate a composite function for a given input.
I can determine the equation of a composite function by substitution.
I can identify and correct common mistakes when forming or evaluating composite functions.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
applies algebraic techniques and the laws of indices and surds to manipulate expressions and solve problems MAV-11-01
uses functions and relations to model, analyse and solve problems MAV-11-02
Content
Properties of functions, relations and graphs
Use the composite function 𝑓(𝑔(𝑥)), where the output of 𝑔(𝑥) becomes the input of 𝑓(𝑥).
Determine the equations of composite functions.
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Table 1: lesson summary 
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	[bookmark: _Hlk204175211]Use slides 4–5 of the PowerPoint Composite functions to introduce composite functions through relatable food analogies and guided discussion.
	Think-Pair-Share
Notice and wonder
	Introduces students to the concept of composite functions by connecting function notation to visual representations.

	Connecting learning
	Use slide 7 to formally define composite functions.
Assign students the Amplify (Desmos) activity ‘Composite functions’ (bit.ly/Compositefunctions) where students use function machines to discuss how composite functions are evaluated and why the order is important. 
	Pose-Pause-Pounce-Bounce
	Students visualise and develop a conceptual understanding of how composite functions work. Students identify the difference between  and , recognising the importance of the order in which the functions are applied. 

	Releasing responsibility
	Use slides 9–12 to model how to determine the equation of composite functions and substitute numerical values into composite functions. Students then complete Appendix A.
Use slides 13–22 to guide students in identifying and correcting errors and misconceptions in sample solutions.
	Worked examples (Your turn)
Variation Theory
Non-examples
Mini whiteboards
	Consolidate students’ understanding of composite functions by gradually building their skills and helping them identify common errors to improve accuracy and fluency.

	Independent practice
	Discuss with students the real-world application of composite functions, before using slide 24 to work through a problem. Following this, students complete Appendix B to practise finding composite functions and substituting into them.
	Pose-Pause-Pounce-Bounce
Mini whiteboards
	Connect the learning with the application of composite functions in the real world. Consolidate understanding of composite functions, while incorporating prior knowledge of domain and range.



Activity structure
Please use the associated PowerPoint Composite functions to display images in this lesson.
Activating prior knowledge
1. Display slide 4 of the PowerPoint, which shows a relatable visual of composite functions using ice cream and cookies.
1. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), ask students to discuss what they notice and wonder (bit.ly/noticewonderstrategy) about the 4 images.
Students may notice that the ice cream is , cookies are  and then the bottom 2 pictures are ice cream and cookies blended in some way.
Students may wonder about the meaning of the expressions  and .
1. Initiate a class discussion to connect students’ prior knowledge of substituting numeric and algebraic expressions into the formulas of functions with composite functions. Suggested questions include:
How would you explain the process of evaluating  for some functions?
Can you relate this process to describe what you think  might mean?
Can you explain what you think the difference is between  and 
Using the suggested prompting questions, students should discover that  means to replace  with the function . Students should link this to the image on the slide as they can see the cookies are inside the ice cream.
Students should also discover that there is a clear difference between  and  as  illustrates the ice cream inside the cookies and  illustrates the cookies inside the ice cream.
1. Display slide 5 and, in a Think-Pair-Share, ask students to describe what  and  would be in the context of the 2 composite images.
Students should determine that  is salmon and  is rice.
Connecting learning
1. Display slide 7 which shows the NESA Glossary definition for a composite function. In a Think-Pair-Share, have students discuss how this definition relates to the visual composite functions from slides 4–5.
NESA Glossary definition of composite function: 
When the output of one function becomes the input of a second function. For example, , (read as  of  of ), is a composite function where the outputs of function  are taken as the inputs of function .
Students might share that the cookie is the output of one function, which is then combined with the ice cream as the input of another function to create choc-chip cookie flavoured ice cream.
1. Explain to students that they will be analysing how this works using function machines in the Amplify (Desmos) activity ‘Composite functions’ (bit.ly/Compositefunctions). Assign the activity to students. 
Before using this activity, you will need to set up a Amplify (Desmos) classroom and assign the activity to your students (bit.ly/createamplifyclassroom). Set the Amplify (Desmos) activity to initially restrict students to screens 1–3. 
1. Allow students to work in pairs on the assigned Amplify (Desmos) activity, screens 1–3, where they will revise their prior knowledge of substituting numerical values into the formulas of functions. 
Students previously learned how to substitute numerical values into the formulas of functions in Lesson 1 – functions.
1. Check for student understanding of substituting numerical values into the formula of functions, reviewing students’ work for screens 2 and 3, using the teacher dashboard function in Amplify (Desmos) classroom.
1. Use the pause feature to restrict students to screen 4, which contains the NESA glossary definition of a composite function.
1. Explain to students that they will be using function machines to learn how composite functions work. Use the pacing feature to restrict students to screens 5–10.
While students are completing the activities in this next set of screens, check student understanding of how function machines can be used to determine the value of composite functions using the teacher dashboard function in Amplify (Desmos) classroom.
1. Once most students are up to screen 10, use the pause feature to restrict students to screen 10 only. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to discuss how the order of the function machines matter when finding composite functions. Suggested prompts include: 
Since each number tile passes through the same 2 function machines,  and , will the results be the same no matter what order the machines are in? Why or why not?
How does the order of the function machine impact the result?
Can you explain how  is different from 
1. Remove all pausing and pacing features in the Amplify (Desmos) activity and instruct students to complete the remaining screens.
In the remaining screens, students will write their own explanation of how  is different from , determine the correct order to place functions in and create their own function machines. 
The teacher may need to demonstrate how to select a function machine and enter the function into the function machine.
Releasing responsibility
1. Revisit the NESA Glossary definition on slide 7 and prompt students to explain how they could determine the value of a composite function without relying on a function machine.
Students should explain that to find the value of  for any given  value, they first calculate  for the given  value and then substitute that result into  for . After students have completed the worked examples in step 3, they should be able to identify that you can determine the equation of the composite function first and then substitute in the value to that equation.
2. Use slides 9–10 to model how to determine the value of a composite function by evaluating one function before substituting into the other function.
3. Prompt students to explain how they might determine the equation of a composite function.
Students should identify that to find the equation of  they start by identifying the expression for  and then substitute this entire expression in place of  in the equation for . The resulting expression is the equation for .
4. Use slides 11–12 to model how to determine the equation of a composite function before substituting the numerical value into the composite function, using the Worked examples (Your turn) method (bit.ly/supportingstrategies).
5. Distribute Appendix A ‘Combining functions’ which uses Variation Theory (variationtheory.com/introduction/). Students determine the equations of composite functions to find the value of composite functions given a numerical substitution.
Students expanded binomial products in the Stage 5 Algebraic techniques A Core outcome 
MA5-EQU-C-01, although some students may need to revise this prior to completing Appendix A.
6. Distribute mini whiteboards to students.
Teachers could use paper in plastic sleeves as an alternative to mini whiteboards or students could write in their workbooks.
7. Display slide 13 for students, which shows a non-example (bit.ly/nonexamplesstrategy) of determining the equation for a composite function.
8. In a Think-Pair-Share, have students identify the error in the non-example, correct the working, and discuss the common misconception it highlights.
Students should share that Brooke has incorrectly squared , she has only squared  and not .
Students should share that  instead. A common misconception is that students substitute an expression without using brackets, which can lead to errors.
9. Display slide 14 for students, which contains a similar question for students to solve, keeping in mind the misconception just discussed. Students can answer this question in pairs. The solution can be animated on slide 14 for students to check their working.
10. Repeat steps 7–9 to guide the discussion for slides 15–22, each highlighting a different misconception about composite functions.
Slide 15: students should share that Hayden has incorrectly added  and , to find . The correct expression is , . The misconception is that  means , when infact  means to substitute the expression,  into the  value of .
Slide 17: students should share that Glenn incorrectly multiplied  and , to find . The correct expression should be , The misconception is that  means , when in fact  means to substitute the expression,  into the  value of .
Slide 19: students should share that Samantha incorrectly squared in the expression of  and that possibly brackets would have avoided this issue. The correct expression is 
, , so . A common misconception is that students substitute an expression without using brackets, which can lead to errors.
Slide 21: students should share that Brian incorrectly substituted the expression of  into , rather than substitute in the expression of  into . The correct expression should be , .
Independent practice
1. Use the Pose-Pause-Pounce-Bounce questioning strategy to investigate the real-world applications of composite functions. Prompt students to consider situations where one process depends on the result of another. Suggested questioning might include:
Why might we need to apply one function after another instead of just using one rule?
Where might we need to convert something into another thing in real life?
Explain to students that sometimes a value can’t be directly converted in one step and instead a composite function is needed to show a process involving 2 or more stages.
For example, sometimes a direct currency conversion rate between 2 currencies is not available or is less favourable. In these cases, currency conversions often go through an intermediate currency. Another example is converting the cooking time of a recipe that used Fahrenheit, to the cooking time in minutes based on an oven’s temperature in Celsius.
Display slide 24 which contains a real-world problem, involving composite functions. Allow students time to complete the question on their mini whiteboards.
The solution to the problem can be displayed on slide 25.
4. Distribute Appendix B ‘Composite function problems’ for students to complete in pairs.
5. Encourage pairs to compare their solutions with nearby groups and discuss any differences.
Students are encouraged to use graphing applications, such as Desmos, to graph the functions expressed in Question 4 of Appendix B, to assist them in finding the domain.
Solutions for Appendix B ‘Composite function problems’ have been included in the ‘Sample solutions’ section.
6. 

Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge
Challenge students by getting them to draw a visual representation of a composite function of their own.
Connecting learning
Challenge students to find functions that will not work as a composite function and suggest reasons why. For a composite function  to be valid at a specific value of ,  must be in the domain of  and  must be in the domain of , so you can then evaluate 
Students can be challenged to graph both  and  and then graph  and .
Use colour coding or other similar visuals to annotate on the board the difference between applying  first compared to applying  first.
Releasing responsibility
Challenge students with ‘what if?’ scenarios, for example ‘What would be different if it was ’
Independent practice
Challenge students by getting them to explore more cases of composite functions and the effect on their domain and range.
Challenge students to consider if  is ever equal to .
A scaffold could be provided for students to solve the problem on slide 24 and the problems in Appendix B.


Suggested opportunities for assessment
Activating prior knowledge
Formatively assess students’ mathematical language and reasoning as they describe what they notice and wonder.
Connecting learning
Use the teacher dashboard function to continually assess students understanding, intervening when needed to address errors.
Releasing responsibility
Use student’s verbal explanations of how to evaluate or form  to assess their understanding of substitution and order.
Appendix A can be collected to assess students understanding of how function structure impacts final answers.
Monitor student reasoning for the non-example section to check they understand the misconception.
Independent practice
Use peer marking for Appendix B to assess students understanding of applying composite functions to a range of contexts.

[bookmark: _Appendix_A]
[bookmark: _Appendix_A_]Appendix A
Combining functions
Given the functions below, firstly determine expressions for  and  and evaluate values with the composite function.
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[bookmark: _Appendix_B]Appendix B
Composite function problems
1. Let , and . What is 
2. For the functions  and :
1. Find the expression for the composite function 
Hence, find the value of 
Is Justify your answer with algebra.
3. A machine performs 2 processes in sequence on an object. First, it triples the input weight in kg), and then it subtracts 5.
The first process is represented by the function:

The second process is:

1. Write the composite function 
If the original weight is 4 kg, what is the final output of the machine?
4. Let , and 
1. Use a graphing application to graph  and then find the domain of .
1. Find the domain of .
1. Find an expression for 
1. Find the domain of 
1. What do you notice about the domain of  in comparison to  and 
Sample solutions
Appendix A – combining functions
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Appendix B – composite function problems
1. 

1. 
1. 

1. 

1. No,  and 
1. 
1. 
1. 
1. 
a. The domain of  is 
b. The domain of  is 
c. .
d. The domain of  is 
e. The composite function is defined only for those values of  in the domain of  such that  lies within the domain of . In other words, we must find all  for which 
Therefore, the domain of is  which is 
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