
Global maximum and global minimum
This lesson develops students’ understanding of global maximum and global minimum values of functions. Students explore how global maxima and minima differ from local maxima and minima, and learn that the largest or smallest value of a function depends on the domain being considered. They investigate how endpoints and discontinuities can influence where global maxima and minima occur and build a systematic process for identifying these values.
Learning intention
To be able to determine the global maximum and global minimum values of a function in a domain.
Success criteria
I can define a global maximum and global minimum of a function.
I can identify all relevant points to test for global maximum and global minimum.
I can distinguish between local and global maxima and minima.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies calculus to graph functions and model and solve problems involving optimisation, rates of change and motion in a line MAV-12-06
Content
Optimisation
Define a global maximum of a function  to be a point  on the graph where , for all  in the domain, and define a global minimum similarly 
Examine whether any discontinuities or endpoints of the domain on which  is being considered are points of maxima or minima
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Activating prior knowledge
	Use slides 4–5 of the PowerPoint Global maximum and minimum for students to identify and compare maximum values in different graphical representations, then connect these ideas to a contextual scenario involving a hiker to introduce local and global maxima.
	Think-Pair-Share
Which one doesn’t belong?
Pose-Pause-Pounce-Bounce
	Draw attention to the distinction between local and global maxima and how these can occur at stationary points or endpoints. Support students to connect intuitive descriptions of highest and lowest points with formal mathematical terminology.

	Connecting learning
	Use Appendix A and slide 7 for students to identify maximum and minimum points across a 2-day hiking scenario, classify local extrema, and compare these with the overall maximum and minimum values.
	
	Highlight the distinction between maximum/minimum points and local maximum/minimum points. Draw attention to the role of stationary points in identifying local extrema and support students to compare local and overall extrema across a domain.

	Releasing responsibility
	Use slides 9–10 and Appendix A to introduce and apply the definitions of global maximum and global minimum. Use Appendix B for students to classify global and local minimum and maximum points before using slides 11–13 and Appendix C to model determining the global maximum and global minimum from a function. Using Appendix A as a scaffold, students create notes on global maximum and minimum points.
	Pose-Pause-Pounce-Bounce
Worked examples (Your turn)
Notes to future forgetful selves
	Highlight the distinction between local and global extrema. Draw attention to the locations where global maximum and minimum points may occur, including stationary points, endpoints and points of discontinuity. Support students to apply a systematic process for determining global extrema and consolidate key ideas through note-making.

	Independent practice
	Use Appendix D for students to identify errors in worked solutions, explain the misconception and rewrite the correct solution.
	Turn and talk
	Reinforce the process for determining global maximum and minimum points algebraically. Support students to identify common errors, justify corrections and evaluate the validity of mathematical reasoning.
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Activity structure
Please use the associated PowerPoint Global maximum and minimum to display images in this lesson.
Activating prior knowledge
1. Display slide 4 from the PowerPoint and in a Think-Pair-Share (bit.ly/thinkpairsharestrategy) ask students to consider which one doesn’t belong (bit.ly/w_o_d_b) based on stationary points and minimum and maximum values.
Students may identify the following features to justify why each graph does not belong:
· Graph A has a stationary point that is a local maximum.
· Graph B has a stationary point that is a local minimum.
· Graph C has 2 stationary points, one a local minimum and one a local maximum.
· Graph D is a piecewise function with a stationary point that is a local maximum.
Let students use intuitive language as well as local maximum and minimum before formally defining the terms in the ‘Releasing responsibility’ section.
1. Display slide 5 and read the following scenario to students.
A hiker follows a walking track that climbs up a hill to a lookout and then descends before rising again, eventually ending on a plateau where they set up camp.
1. Use the Pose-Pause-Pounce-Bounce (bit.ly/P-P-P-B) questioning strategy to have students consider some of the mathematical features of the graph from slide 5 and the scenario. Some possible prompts include:
What was the highest point the hiker reached?
What mathematical term could we use to name the lookout?
Students should recognise from the scenario and the diagram that the highest point is the plateau, where the hiker made camp, and that the top of the hill could be called a stationary point representing a local maximum.
Connecting learning
1. Explain to students that the hiker from Activating prior knowledge activity has taken 2 days to complete the hike and distribute Appendix A ‘Hiking trip’ for students to see both days’ travel.
1. Provide time for students to work through the questions in Appendix A, consider local maximum and minimum points and compare them with the maximum and minimum altitude the hiker reached each day and overall.
1. Display slide 7 which displays the overall hike and labels the local maximum and minimum points. Lead a discussion around the differences between these points and the maximum and minimum altitude that the hiker reached.
Releasing responsibility
1. Display slide 9 which shows the definitions of ‘global maximum’ and ‘global minimum’ from the NESA Glossary and syllabus.
1. Provide time for students to label the global maximum and global minimum on the graph of the overall trip in Appendix A.
1. Display slide 10 to show students the labelled overall hiking trip.
Emphasise to the students that the global maximum in Appendix A is labelled at the endpoint.
Distribute Appendix B ‘Labelling maximums and minimums’ for students to complete.
Have students compare their completed Appendix B with a peer and discuss if there are any differences.
Use a Pose-Pause-Pounce-Bounce questioning strategy to consolidate student learning of how to determine where possible global maximum and minimum points occur. Some possible prompts include:
Do all functions have a global maximum and global minimum?
When a function has a global maximum or global minimum, where might it be located?
What is the difference between the global maximum and local maximum?
Students should recognise that global maximums and minimums occur in a restricted domain and may occur at stationary points, end points or points of discontinuities.
Use slides 11–13 and Appendix C ‘Worked example’ to model how to algebraically determine global maximum and minimum points using a Worked example (Your turn) method (bit.ly/supportingstrategies).
Use an existing resource for students to practise determining the global maximum and global minimum algebraically and graphically.
Use Appendix A as a scaffold for students to complete notes to their future forgetful selves (bit.ly/notestofutureself).
Independent practice
1. Distribute Appendix D ‘Incorrect worked solutions’ for students to identify the error.
1. Have students turn and talk (bit.ly/classroomtalkmoves) to explain the error with a partner.
1. Provide time for students to write the correct solution for each question in Appendix D.


Assessment and differentiation
Suggested opportunities for differentiation
Activating prior knowledge 
Support students by having them identify where the maximum and minimum values are for each graph and then have them consider what they notice about each.
Support students by reminding them of the terms ‘local maximum’, ‘local minimum’ and ‘horizontal point of inflection’ when considering the hiker scenario.
Connecting learning 
Extend students by having them identify and describe all the local maxima and minima and then consider what the global maximum and global minimum would be.
Releasing responsibility
Support students by having them label the local maximum and local minimum in Appendix B before labelling the global maximum and global minimum.
Independent practice
Support students by reminding them what points needs to be checked when confirming global maximum and global minimum points.


Suggested opportunities for assessment
Activating prior knowledge 
Monitor student responses to check for understanding of classifying local maximum points.
Connecting learning 
Students have opportunities to contribute to, and hear from, a pair and the whole class during discussions around the different minimum and maximum points on the graph. These function as opportunities for self and peer reflection on their understanding of global minimum and maximum points.
Releasing responsibility
Teachers could ask students to explain and justify their strategy for determining where they labelled the global maximum and global minimum points in Appendix B.
Student responses to the self-explanation prompts during worked examples provide an opportunity to assess student reasoning on what points need to be checked when determining the global maximum and global minimum.
Monitor student responses in the ‘Your turn’ section to check for understanding of how to determine the global maximum and global minimum.
Independent practice
Students will demonstrate their working mathematically skills in discussions and justifications around determining the errors in Appendix D.

[bookmark: _Appendix_A]Appendix A 
Hiking trip
Day 1
[image: Graph of altitude against distance for a hiking trail. The trail descends to a valley near 1 km, climbs to a lookout at 4 km and 1100 m, then descends steeply. The graph is continuous with a local minimum near 1 km and a local maximum at the lookout.]
1. What is the local maximum of day 1?
1. What is the local minimum of day 1?
1. How does this compare with the maximum and minimum altitude the hiker reached?


Day 2
[image: Graph of altitude against distance for a hiking trail. The trail begins at a low altitude, climbs steeply to a plateau near 600 m, rises again to about 900 m, then continues climbing more gradually to approximately 1200 m by 20 km. The graph is smooth and continuous throughout, with no breaks or sharp corners.]
Is there a local maximum for day 2?
What was the local minimum of day 2?
How does this compare with the maximum and minimum altitude the hiker reached on 
day 2?
Overall trip
[image: Graph of altitude against distance for a hiking trail. The trail descends slightly before climbing to a lookout at approximately 4 km and 1100 m. It then descends to a valley near 8 km and 100 m, climbs to a plateau around 600 m, and continues rising gradually to approximately 1200 m by 20 km. The graph is smooth and continuous throughout, showing a local maximum at the lookout and a local minimum in the valley.]
What was the minimum altitude of the hiker?
What was the maximum altitude of the hiker?
Compare these points with the local maximum and local minimums. What does this mean in the context of the hiker?

[bookmark: _Appendix_B]Appendix B
Labelling maximums and minimums
For each graph, label the global maximum with an  and the global minimum with a  as well as any local maximums with  and local minimums with .
	
[image: Graph of a smooth curve on a Cartesian plane. The curve rises to a local maximum at approximately (-1, 2), then falls through the origin to a local minimum at approximately (1, -2), before rising again. The graph is continuous and differentiable throughout the displayed interval.]
	
[image: Graph of a parabola on a Cartesian plane. The graph has a minimum point at the origin (0, 0) and is symmetric about the y-axis. The graph is continuous and differentiable throughout the displayed interval.]

	
[image: Graph of a downward-opening curve on a Cartesian plane. The graph rises to a local maximum at approximately (1, 4) before decreasing and crossing the x-axis near x = 3. The graph is continuous and differentiable throughout the displayed interval.]
	
[image: Graph of a smooth cubic-like curve on a Cartesian plane. The graph rises to a local maximum at approximately (-1, 2), then falls to a local minimum at approximately (1, -2), before rising steeply. The graph is continuous and differentiable throughout, with arrows indicating it continues beyond the displayed interval.]

	
[image: Graph of a discontinuous function on a Cartesian plane. A descending line segment ends with an open circle at approximately (0.5, -2), while a filled point at the same x-value is located lower on the graph. A curved section rises from this filled point and approaches an open circle near (1.5, 1.5), where a filled point at a different y-value marks the start of a second curve. This second curve rises to a local maximum near (3.5, 4) before decreasing to an open circle on the x-axis near x = 5. The graph contains several open and closed endpoints, indicating discontinuities.]
	
[image: Graph of a piecewise linear function on a Cartesian plane. The graph decreases to a corner at approximately (-3, 0) and then increases as a straight line, passing through (0, 2). The graph is continuous but not differentiable at the corner. An arrow indicates the graph continues to the upper right.]

	
[image: Graph of a discontinuous function on a Cartesian plane. A dashed vertical line at x = -1 indicates a vertical asymptote. One branch lies to the left of the asymptote and rises steeply as it approaches x = -1. A second branch lies to the right of the asymptote, descending sharply near the asymptote before increasing gradually. The graph is discontinuous at x = -1.]
	
[image: Graph of a function on a Cartesian plane. A dashed vertical line at x = -1 indicates a vertical asymptote. To the right of the asymptote, the graph decreases to a local minimum near (0.5, 1) before increasing. The graph is continuous and differentiable on its domain but is discontinuous at x = -1.]




[bookmark: _Appendix_C]Appendix C
Worked example
Graph the function  on the domain  to determine the global minimum and maximum points. 
Solution:
Find stationary points and determine their nature

	
	
	
	

	
	
	
	


 
Check the behaviour of the function:
[image: Graph on Cartesian axes showing the exponential function y = e^−x (red) and the line y = x (blue). The blue line passes through the origin with gradient 1. The red exponential curve passes through the point (0, 1), decreases continuously as x increases, and approaches the x-axis from above without touching it. The exponential curve intersects the line y = x once in the first quadrant before continuing to decrease. The graph illustrates the relationship between the function and the line of reflection y = x.]
	
	
	
	

	
	
	
	


When 
	
	
	
	

	
	
	
	


When 
Draw the function and determine global maximum and global minimum:
[image: Graph on Cartesian axes showing a smooth curve with the domain x ≥ 0. The graph passes through the origin, rises to a single local maximum above the x-axis, marked with a filled point, then decreases. A second filled point marks the point of inflection, after which the graph continues to decrease while remaining above the x-axis and approaching the x-axis from above as x increases. The graph has one stationary point, one point of inflection, and a single intercept at the origin.]By inspecting the graph: global maximum at stationary point  and global minimum at endpoint .
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[bookmark: _Appendix_D]Appendix D
Incorrect worked solutions
For each question, determine where the error occurred.
	Question and incorrect solution
	Error
	Correct solution/visual representation

	
Incorrect solution:

.


	
	

	
Incorrect solution:

Since , there are no stationary points.
Check endpoints:
 global minimum at  and global maximum at .



	
	

	
Incorrect solution:

	
	

	
Incorrect worked solution:
As there are no other stationary points the function has no global maximum.




	
	

	
Incorrect worked solution:

Check endpoints.

 global maximum is  and global minimums at  and .

	
	




Sample solutions
Appendix A – hiking trip
1. Local minimum is 600 m.
2. Local maximum is 1100 m.
3. The maximum altitude the hiker reached on day 1 is also 1100 m, but the minimum altitude the hiker reached on Day 1 is 200 m.
4. There is no local maximum for day 2 as the hiker continued to climb all day.
5. Local minimum is 100 m.
6. The local minimum is the same as the minimum altitude. The maximum altitude reached is 1200 m.
7. Minimum altitude is 100 m.
8. Maximum altitude is 1200 m.
9. The minimum altitude is also a local minimum but the maximum altitude is not a local maximum. It occurs at the end point.


Appendix B – labelling maximums and minimums
	
[image: Graph of a smooth curve on a Cartesian plane. Point A (global maximum) and point a (local maximum) are located at approximately (-1, 2). Point B (global minimum) and point b (local minimum) are located at approximately (1, -2). The graph rises to the maximum point, falls to the minimum point, and then rises again. The graph is continuous and differentiable throughout the displayed interval.]
	
[image: Graph of a parabola on a Cartesian plane. Point A (global maximum) is located at approximately (-2, 4). Point B (global minimum) and point b (local minimum) are located at the origin (0, 0). The graph decreases from the global maximum to the minimum point before increasing again. The graph is continuous and differentiable throughout the displayed interval.]

	
[image: Graph of a downward-opening curve on a Cartesian plane. Point A (global maximum) and point a (local maximum) are located at approximately (1, 4). Point B (global minimum) is located at approximately (3, 0). The graph rises to the maximum point before decreasing to the minimum endpoint. The graph is continuous and differentiable throughout the displayed interval.]
	
[image: Graph of a smooth cubic-like curve on a Cartesian plane. Point a (local maximum) is located at approximately (-1, 2), and point b (local minimum) is located at approximately (1, -2). The graph rises to the local maximum, falls to the local minimum, and then rises steeply. Arrows indicate the graph continues beyond the displayed interval, so no global maximum or global minimum is shown. The graph is continuous and differentiable throughout.]

	
[image: Graph of a discontinuous function on a Cartesian plane. Point A (global maximum) is located at approximately (-3, 5). Point B (global minimum) is located at approximately (0.5, -2.5). Point a (local maximum) is located at approximately (3, 4). The graph consists of separate line and curve segments with open and closed circles indicating discontinuities. The graph decreases from the global maximum to the global minimum, rises to the local maximum, and then decreases again. No local minimum is shown.]
	
[image: Graph of a piecewise linear function on a Cartesian plane. Point B (global minimum) is located at approximately (-3, 0). The graph decreases from a closed endpoint near (-4, 1) to the minimum point, then increases as a straight line extending to the upper right. The graph is continuous but not differentiable at the minimum point due to a corner. No global maximum, local maximum, or local minimum is shown.]

	
No global or local maximum or minimum
[image: Graph of a discontinuous function on a Cartesian plane. A dashed vertical line at x = -1 indicates a vertical asymptote. One branch lies to the left of the asymptote and rises without bound as it approaches x = -1. A second branch lies to the right of the asymptote, decreasing without bound near x = -1 before increasing gradually. The graph has no global or local maxima or minima and is discontinuous at x = -1.]
	
[image: Graph of a function on a Cartesian plane. A dashed vertical line at x = -1 indicates a vertical asymptote. Point B (global minimum) and point b (local minimum) are located at approximately (0.5, 1). To the right of the asymptote, the graph decreases to the minimum point before increasing. The graph is continuous and differentiable on its domain but is discontinuous at x = -1.]




Appendix D – incorrect worked solutions
	Question and incorrect solution
	Error
	Correct solution/visual representation

	
Incorrect solution:

.
	The endpoints were ignored.

	Check endpoints and discontinuity:

Compare endpoints, discontinuities and stationary points.
 global minimum at  and global maximum at .
[image: Graph of an upward-opening parabola on a Cartesian plane with the domain from x = 0 to x = 5. The graph begins at a closed endpoint at (0, 1), decreases to a global minimum at approximately (2, -3), then increases to a closed endpoint at approximately (5, 6). The global maximum occurs at the right endpoint and the global minimum occurs at the vertex.]

	
Incorrect solution:

Since , there are no stationary points.
Check endpoints:
 global minimum at  and global maximum at .
	Did not consider the function as it approaches the asymptote .
	As  from the left hand side,  and as  from the right hand side, .
 no global minimum or maximum.
[image: Graph of a reciprocal-type function on a Cartesian plane with two separate branches. The left branch begins at a closed endpoint at approximately (-2, 0), decreases as x increases, and approaches a vertical asymptote at x = 1 while the y-values decrease without bound. The right branch approaches the same vertical asymptote from above, then decreases to a closed endpoint at approximately (4, 2). The function has a vertical asymptote at x = 1. The global maximum and global minimum do not exist because the function is unbounded near the asymptote.]

	
Incorrect solution:

	The endpoints were ignored.

	Check endpoints:

Compare endpoints and stationary points.

 global minimum at  and global maximum at .
[image: Graph of a smooth curve on a Cartesian plane with the domain from x = -3 to x = 1. The graph begins at a closed endpoint at approximately (-3, 0.5), rises slightly to a local maximum near (-2, 0.6), then decreases to a global minimum at the origin (0, 0). From the origin, the graph increases steeply to a closed endpoint at approximately (1, 2.8). The global maximum occurs at the right endpoint and the global minimum occurs at the origin.]

	
Incorrect worked solution:
As there are no other stationary points the function has no global maximum.
	The endpoints were ignored.

	Check endpoints:

Compare endpoints and stationary points.

 global minimum at  and global maximum at .
[image: Graph of a smooth curve on a Cartesian plane with the domain from approximately x = 0.2 to x = 4. The graph begins at a closed endpoint at approximately (0.2, 1.8), decreases to a global minimum at approximately (1, 1), then increases to a closed endpoint at approximately (4, 2.6). The global minimum occurs at the turning point and the global maximum occurs at the right endpoint.]

	
Incorrect worked solution:

Check endpoints.

 global maximum is  and global minimums at  and .

	Did not consider other solutions for  in the domain.
	Solve  for .

Compare stationary points and endpoints.

 Global maximum at  and global minimum at .
[image: Graph of a smooth trigonometric curve on a Cartesian plane with the domain from x = 0 to x = 2π. The graph begins at a closed endpoint at (0, 1), rises to a local maximum at approximately (π/4, 1.4), then decreases, crossing the x-axis before reaching a global minimum at approximately (5π/4, -1.4). The graph then increases, crossing the x-axis again before ending at a closed endpoint at (2π, 1). The global maximum occurs at the local maximum and the global minimum occurs at the turning point near x = 5π/4.]
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