
Continuity and differentiability
Students will investigate the differentiability of a function. They will recognise that differentiability implies continuity and determine that continuity does not necessarily imply that a function is differentiable at a given point.
Students will need at least one digital device per pair to interact with Amplify Classroom during this lesson.
Learning intentions
To be able to determine whether a function is differentiable at a point.
To understand the relationship between differentiability and continuity.
Success criteria
I can determine from the graph of a function where the derivative will not exist.
I can classify functions as continuous/discontinuous and differentiable/not differentiable.
I can explain the relationship between differentiability and continuity.
I can identify points where a function is continuous but not differentiable.


Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies calculus to graph functions and model and solve problems involving optimisation, rates of change and motion in a line MAV-12-06
Content
Turning points, inflections and graphing
Define a function  to be differentiable at  if  exists, that is if there is a non-vertical tangent to the curve at the point  and recognise that if  is differentiable at  then it is continuous at 
Identify any values of  where a function is continuous, but not differentiable, given either the equation of the function or its graph
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Retrieval practice
	Use slide 4 of the PowerPoint Continuity and differentiability for students to revise differentiating by first principles and use slide 5 to determine the gradient of the tangent to the curve  at selected points and discuss whether the function is differentiable at those points.
Use slide 6 to remind students of the conditions for a graph to be differentiable.
	Turn and talk
Think-Pair-Share
	Draw attention to the relationship between the gradient of a tangent to the curve and differentiability. Highlight that a function may be defined at a point but not differentiable there, particularly when the tangent is undefined or vertical.

	Activating prior knowledge
	Students use an Amplify Classroom activity (bit.ly/continuitydiff) to classify functions as continuous or discontinuous and refine their classifications through discussion and feedback.
	
	Draw attention to the characteristics of continuous and discontinuous functions and the reasoning used to justify classifications. Use student responses to identify and address common misconceptions about continuity.

	Connecting learning
	Students use an Amplify Classroom activity to investigate the relationship between continuity and differentiability, including discontinuous functions, piecewise-defined functions and functions that are continuous but not differentiable at specific values of .
	Think-Pair-Share
	Highlight that discontinuous functions are not differentiable at points of discontinuity. Draw connections between continuity and differentiability, including cases where a function is continuous but not differentiable. Support students to identify features such as vertical tangents and points where the gradient is not unique that result in a function not being differentiable.

	Releasing responsibility
	Use slide 10 to connect the NESA definition of differentiability to first principles. Use slides 11–12 to model a worked example of how to algebraically determine if a function is continuous and differentiable. Distribute Appendix A for students to classify functions according to continuity and differentiability. Use slides 12–15 for students to evaluate statements about continuity and differentiability before using slide 16 to consolidate understanding through notes.
	Worked example (Your turn)
Notes to future forgetful selves
	Draw connections between the formal definition of differentiability and graphical representations of functions. Highlight the relationship between continuity and differentiability, including that differentiability implies continuity. Support students to justify classifications and predictions about functions using appropriate mathematical reasoning.

	Independent practice
	Use slide 19 for students to solve problems involving continuity and differentiability in visibly random groups of 3. Use gallery walks and class discussions to compare solution strategies before reviewing solutions on slides 20–23.
	Visibly random groups of 3
Vertical non-permanent surfaces
Gallery walk
	Reinforce the application of continuity and differentiability concepts when solving unfamiliar problems. Support students to justify their reasoning, evaluate the validity of different approaches and use graphical representations to verify solutions.
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Activity structure
Please use the associated PowerPoint Continuity and differentiability to display images in this lesson. 
Retrieval practice
Display slide 4 of the PowerPoint and ask students to determine the derivative. 
Display slide 5 and ask students to determine the gradient of the tangent for the function  at the points  and .
Click to animate slide 5 to show the solution and use a Think-Pair-Share () to ask students to consider if the tangent exists at both points and if  is differentiable at both points.
Display slide 6 to show the definition of the derivative to remind students of the conditions required for the derivate to exist.
Students should recognise that the gradient of the tangent exists at  and is . At , the derivative does not exist. Students are not expected to graph , but it has been provided in the solution to support student understanding of why the tangent does not exist at  
Students learnt about the gradient of the tangent being the derivative of  at the point  if the tangent exists and is not vertical in Year 11 Unit 5 – foundations of differentiation in Lesson 5 introducing the derivative.
Activating prior knowledge
1. With at least one device per pair, assign the Amplify Classroom activity ‘Continuity and differentiability’ (bit.ly/continuitydiff) for students to complete screens 1–2.
Before completing this activity, you will need to set up an Amplify Classroom (bit.ly/createamplifyclassroom).
Amplify Classroom provides the opportunity for immediate feedback as well as tailored feedback from the teacher as students’ progress.
In the teacher dashboard, use the teacher overview screen to check for student understanding and any common misconceptions associated with continuous and discontinuous functions. Lead a discussion with students around why a function might be classified as continuous or discontinuous.
Students defined continuity and discontinuity informally in Year 11 Unit 4 – graphing transformations in Lesson 1 – piecewise-defined functions.
Figure 1: screenshot of Amplify Classroom Teacher dashboard
[image: Screenshot of the Amplify Classroom teacher dashboard for a lesson on continuity and differentiability. The screen title reads “Sort each graph into continuous or discontinuous.” A graph is shown with a red rational function consisting of three branches separated by two vertical asymptotes, one near x=−2 and the other near x=2. The outer branches approach the x-axis as x moves away from the asymptotes, while the central branch passes through the origin and decreases from positive to negative values between the asymptotes. A sorting category labelled “Discontinuous” appears on the left. The dashboard also displays lesson thumbnails across the top and a panel titled “Most Common Incorrect Groups.”]
Provide time for students to change their card sort such that they correctly classify each graph as either continuous or discontinuous.
Teachers can check student responses using the teacher dashboard to know when students have correctly sorted the cards.
Connecting learning
1. Explain to students that they are going to consider when a function is differentiable by first considering if a function is continuous or not and seeing how that affects its differentiability.
1. Extend the pacing to screens 3–5 for students to consider the differentiability of functions that are discontinuous.
Use the teacher dashboard to display student responses to screen 5 and lead a class discussion around the responses.
Students should identify that at points of discontinuity, the function would not be differentiable.
Extend the pacing to screens 6–9 for students to consider the differentiability of piecewise-defined functions that are continuous but not differentiable at all values of .
Use a Think-Pair-Share for students to discuss how they can determine if a function is differentiable at a point.
Students should mention that a piecewise-defined function is differentiable at a joining point when the gradients of the tangents from either side are equal, or when the derivative exists at that point.
Slide 8 can be used to highlight this fact. The slide shows 2 piecewise-defined functions, with blue dashed lines representing the gradient functions of each section of the graphs.
Extend the pacing to screens 10–11 for students to continue to consider how differentiability and continuity of functions relate.
Use a Think-Pair-Share to ask students how they could determine where on a graph a function is not differentiable.
Students may describe a function as being continuous but not differentiable at a point when the function has a vertical tangent or when there are 2 possible values for  at a point.
Releasing responsibility
1. Display slide 10 to show students the NESA definition of differentiable and lead a discussion around how the definition uses first principles and connect this to their understanding from the ‘Connecting learning’ section.
1. Use slides 11–12 to model a worked example of how to algebraically determine if a function is continuous and differentiable or not differentiable using the Worked examples (Your turn) method (bit.ly/supportingstrategies). 
Hand out Appendix A ‘Differentiable functions’ for students to determine the continuity and differentiability of each function.
Have students compare their answers with a peer and discuss their classification if a discrepancy occurs.
Lead a discussion around the answers to Appendix A for students to summarise some of the common features of continuous and differentiable functions. Some possible prompts include:
If a function is continuous, does that mean the function will be differentiable at all points in the domain?
Explain why a function cannot be discontinuous and differentiable at all points in the domain.
What predictions can you make about a function that is differentiable at every point in its domain?
Display slides 13–16 which have statements about continuity and differentiability. As each statement appears, have students hold a thumbs up for always, sideways for sometimes and thumbs down for never to classify the statement
After each statement, lead a discussion for students to justify their choice before displaying the answer and next statement.
Display slide 17 which summarises the statements for students to use to create notes to their future forgetful selves (bit.ly/notestofutureself). Have students write an example and draw a diagram to accompany each statement.
Independent practice
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) at vertical non-permanent surfaces (bit.ly/VNPSstrategy) and display slide 19 for students to complete.
Have groups complete a gallery walk (bit.ly/DLSgallerywalk) to compare their working out and solution.
Lead a discussion around what strategies groups used to determine a solution and how they could check their solution.
Display slides 20–23 to show the solutions and graphs of the function.


Assessment and differentiation
Suggested opportunities for differentiation
Retrieval practice
Support students by displaying the graph of  and have them compare the tangents at  and  before determining the gradients algebraically.
Activating prior knowledge 
The Amplify Classroom teacher dashboard features such as ‘Teacher overview’ and ‘Snapshots view’ can be used to identify common misconceptions about continuous and discontinuous functions and inform subsequent discussion. 
Extend students by having them justify why a graph is continuous or discontinuous rather than simply classifying it.
Connecting learning 
Adjust the Amplify Classroom activity pacing to focus on the relationship between continuity and differentiability before extending to piecewise-defined functions.
Releasing responsibility
Extend students by having them create an additional statement for the ‘Always, sometimes, never’ activity and justify its classification.
Support students by having them enter the functions into Desmos to see the graph of each function for Appendix A.
Independent practice
Extend students by having them compare the different strategies from the gallery walk to determine which strategy would be most efficient for solving a similar problem.


Suggested opportunities for assessment
Retrieval practice
Use student responses during the Think-Pair-Share to assess students’ understanding of the relationship between the gradient of a tangent and differentiability.
Activating prior knowledge 
Monitor responses to the Amplify Classroom activity and class discussions to check for student understanding of continuity.
Connecting learning 
Facilitate class discussions and observe students’ reasoning and justifications in response to prompts to check understanding of the relationship between continuity and differentiability.
Releasing responsibility
Monitor student responses to the `Always, sometimes, never` activity to quickly gauge individual understanding and identify misconceptions about when a function is differentiable.
Independent practice
Monitor student responses during the gallery walk and class discussion to assess students’ ability to justify strategies used to determine solutions involving continuity and differentiability.

[bookmark: _Appendix_A]Appendix A 
Differentiable functions
Classify each function in the table below, as:
continuous or discontinuous
differentiable or not differentiable. 
For functions that are not differentiable at one or more points, identify the values of  for which the function is not differentiable.
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Sample solutions
Appendix A – differentiable functions
	
	Differentiable
	Not differentiable

	Continuous
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