
Mathematics Advanced Stage 6 (Year 12) – unit of learning
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[bookmark: _Toc112681287][bookmark: _Toc239686586]Rationale
[bookmark: _Toc112681289]The NSW Department of Education publishes a range of curriculum support materials, including samples of lesson sequences, scope and sequences, assessment tasks, examinations, student and teacher resource booklets, and curriculum planning and curriculum evaluation templates. The samples are not exhaustive and do not represent the only way to complete or engage in each of these processes. Curriculum design and implementation is a dynamic and contextually specific process. While the mandatory components of syllabus implementation must be met by all schools, it is important that the approach taken by teachers is reflective of their needs, and faculty or school processes.
[bookmark: _Hlk112402278][bookmark: _Hlk112408500][bookmark: _Hlk112408586][bookmark: _Hlk112408794]The NSW Education Standards Authority (NESA) defines programming as ‘the process of selecting and sequencing learning experiences which enable students to engage with syllabus outcomes and develop subject specific skills and knowledge’ (NESA 2022). A program is developed collaboratively within a faculty. It differs from a unit in important ways. A unit is a contextually specific plan for the intended teaching and learning for a particular class for a particular period. The organisation of the content in a unit is flexible and it may vary according to the school, the teacher, the class and the learning space. They should be working documents that reflect the thoughtful planning and reflection that takes place during the teaching and learning cycle. There are mandatory components of programming and unit development, and this template provides one option for the delivery of these requirements. 
This resource has been developed to assist teachers in NSW Department of Education schools to create learning that is contextualised to their classroom. It can be used as a basis for the teacher’s own program, assessment, or scope and sequence, or be used as an example of how the new curriculum could be implemented. The resource has suggested timeframes that may need to be adjusted by the teacher to meet the needs of their students.

[bookmark: _Toc239686587]Overview
Description: this program of learning addresses content from the focus area of Applications of calculus. The lessons and sequences in this program of learning are designed to allow students to explore the concepts of stationary points, inflections and curve-sketching, focusing on the analysis of functions through their derivatives. Additionally, students will learn to classify points using first and second derivatives, apply these concepts to optimisation problems, and effectively graph functions by considering their behaviour across various intervals and under different conditions.
Duration: this program of learning is designed to be completed over a period of approximately 5 weeks but can be adapted to suit the school context.
Explicit teaching: explicit teaching is embedded throughout this unit of learning to ensure clarity and support for all students. Each lesson includes clearly stated learning intentions and success criteria, and uses purposeful questioning strategies with sample questions provided to check for understanding. Learning is explicitly connected to real-world contexts and prior mathematical concepts to enhance relevance and meaning. A gradual release of responsibility guides students from teacher-led instruction to independent practice, supported by worked examples and self-explanation prompts that deepen understanding and build confidence.
[bookmark: _Toc112681290]

[bookmark: _Toc239686588]Outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01  
applies calculus to graph functions and model and solve problems involving optimisation, rates of change and motion in a line MAV-12-06
Mathematics Advanced 11–12 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2024.


Prior to planning for teaching and learning, please consider the following:
Engagement
· How will I provide authentic, relevant learning opportunities for students to personally connect with lesson content?
· How will I support every student to grow in independence, confidence and self-regulation?
· How will I facilitate every student to have high expectations for themselves?
· How will I identify and provide the support each student needs to sustain their learning efforts?
Representation
· What are some different ways I can present content to enable every student to access and understand it?
· How will I identify and address language and/or cultural considerations that may limit access to content for students?
· How will I make lesson content and learning materials more accessible?
· How will I plan learning experiences that are relevant and challenging for the full range of students in the classroom?


Expression
· How will I provide multiple ways for students to respond and express what they know?
· What tools and resources can students use to demonstrate their understanding?
· How will I know every student has understood the concepts and language presented in each lesson?
· How will I monitor if every student has achieved the learning outcomes and learning growth?

[bookmark: _Toc239686589]Lesson sequence and details
[bookmark: _Toc239686590]Learning episode 1 – continuity and differentiability
[bookmark: _Toc239686591]Teaching and learning activity
Students will investigate the differentiability of a function. They will recognise that differentiability implies continuity and determine that continuity does not necessarily imply that a function is differentiable at a given point.
[bookmark: _Toc239686592]Content
Turning points, inflections and graphing
Define a function  to be differentiable at  if  exists, that is if there is a non-vertical tangent to the curve at the point  and recognise that if  is differentiable at  then it is continuous at 
Identify any values of  where a function is continuous, but not differentiable, given either the equation of the function or its graph


Table 1 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Continuity and differentiability
Duration: 1 lesson
Learning intentions
· To be able to determine whether a function is differentiable at a point.
· To understand the relationship between differentiability and continuity.
Success criteria
· I can determine from the graph of a function where the derivative will not exist.
· I can classify functions as continuous/discontinuous and differentiable/not differentiable.
· I can explain the relationship between differentiability and continuity.
· I can identify points where a function is continuous but not differentiable.
	Continuity and differentiability PowerPoint
Digital devices (at least one per pair of students)
Appendix A, printed (one per student)
	


[bookmark: _Toc112681291][bookmark: _Toc239686593]
Learning episode 2 – the first derivative and stationary points
[bookmark: _Toc239686594]Teaching and learning activity
Students apply their understanding of the first derivative to find stationary points and classify them.
[bookmark: _Toc239686595]Content
Turning points, inflections and graphing
Analyse the stationary points of a function by testing values for , then classify the stationary points as local minima or local maxima where gradients change around the point, or horizontal points of inflection where gradients have the same sign on both sides of the point


Table 2 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	The first derivative and stationary points 
Duration: 1 lesson
Learning intentions
· To be able to classify stationary points as either local minimum, local maximum or horizontal points of inflection.
· To understand how the first derivative can be used to classify stationary points.
Success criteria
· I can identify stationary points from the graph of a function.
· I can find stationary points algebraically by letting the first derivative equal zero.
· I can use the sign of  to classify stationary points.
	· The first derivative and stationary points PowerPoint
· Digital devices (at least one per pair of students)
· Appendix A, printed (one per pair of students)
· Appendix B and C, printed (one per student)
	


[bookmark: _Toc239686596]Learning episode 3 – introduction to the second derivative
[bookmark: _Toc239686597]Teaching and learning activity
Students will develop their understanding of the second derivative as the gradient function of the first derivative and interpret its features in relation to the concavity of a function from a graph.
[bookmark: _Toc239686598]Content
Turning points, inflections and graphing
Use repeated differentiation to find second derivatives of a function , denoting them by  or   or  
Interpret the second derivative  as the gradient function of the first derivative , and deduce that if  the curve is concave up and if  the curve is concave down
Define a point of inflection on a curve as a point where the concavity changes
Graph  and  for a function , given only a graph of 


Table 3 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Introduction to the second derivative
Duration: 1 lesson
Learning intentions
· To understand how the second derivative describes the behaviour of a function.
· To be able to find and represent the second derivative graphically and algebraically.
Success criteria
· I can interpret the second derivative as the gradient function of the first derivative.
· I can use repeated differentiation to find the second derivative of a function.
· I can represent the second derivative as or.
· I can identify points of inflection by determining where concavity of a function changes.
	· Introduction to the second derivative PowerPoint
· Mini whiteboards (one per student)
· Digital devices (at least one per pair of students)
· Appendix A, B and D, printed (one per student)
· Appendix C (one copy to be placed around the classroom)
	


[bookmark: _Toc239686599]
Learning episode 4 – the second derivative and stationary points
[bookmark: _Toc239686600]Teaching and learning activity
Students investigate how the second derivative can be used to classify stationary points as local maxima, local minima or horizontal points of inflection. Through graphical and algebraic representations, students connect the sign of the second derivative to the behaviour of a function at stationary points.
[bookmark: _Toc239686601]Content
Turning points, inflections and graphing
Use repeated differentiation to find second derivatives of a function , denoting them by  or  or 
Interpret the second derivative  as the gradient function of the first derivative , and deduce that if  the curve is concave up and if  the curve is concave down
Use the second derivative to classify a stationary point as a local maximum, local minimum or a horizontal point of inflection


Table 4 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	The second derivative and stationary points
Duration: 1 lesson
Learning intention
· To understand how the second derivative can be used to classify stationary points.
Success criteria
· I can interpret the sign of the second derivative.
· I can classify stationary points using the second derivative.
· I can identify when the second derivative test is inconclusive and explain why the first derivative test is needed.
	· The second derivative and stationary points PowerPoint 
· Digital devices (at least one per pair of students)
· Appendix A, B and C, printed (one per student)
	




[bookmark: _Toc239686602][bookmark: _Toc112681297]Learning episode 5 – the second derivative and points of inflection
[bookmark: _Toc239686603]Teaching and learning activity
Students recognise that  identifies only a possible point of inflection and they use changes in concavity to determine whether a point of inflection exists. They connect the algebraic sign analysis of the second derivative with graphical behaviour to determine and justify which possible points are points of inflection.
[bookmark: _Toc239686604]Content
Turning points, inflections and graphing
Define a point of inflection on a curve as a point where the concavity changes
Analyse the value of  either side of the roots of , and use the resulting concavities to identify which zeroes of  are points of inflection


Table 5 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	The second derivative and points of inflection 
Duration: 1 lesson
Learning intention
· To understand how the second derivative can be used to identify possible points of inflection. 
Success criteria
· I can use the second derivative of a function to find possible points of inflection algebraically. 
· I can determine concavity by analysing the sign of the second derivative. 
· I can justify whether a point is a point of inflection by showing that the concavity changes.
	· The second derivative and points of inflection PowerPoint 
· Mini whiteboards (one per student)
· Appendix A, printed (one per pair of students)
· Appendix B, C and E, printed (one per student)
· Appendix D (one teacher copy)
	




[bookmark: _Toc239686605]Learning episode 6 – introducing graphing with calculus
[bookmark: _Toc239686606]Teaching and learning activity
Students develop the skills required to graph functions by combining algebraic techniques with graphical interpretation. They analyse key features including stationary points, concavity and symmetry.
[bookmark: _Toc239686607]Content
Turning points, inflections and graphing
Graph a function by determining local maxima and minima and points of inflection, horizontal and non-horizontal, considering any even or odd symmetry, the domain, any vertical asymptotes or other discontinuities, and where applicable, the behaviour of a function as 


Table 6 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Introducing graphing with calculus 
Duration: 1–2 lessons
Learning intention
To understand how features of a function and its derivatives can be used to determine the shape and behaviour of its graph.
Success criteria
· I can identify important graphical features of a function.
· I can use  and  to determine the behaviour and concavity of a function.
· I can use calculus to draw the graph of a function.
	· Introducing graphing with calculus PowerPoint 
· Appendix A and B, printed (one per student)
	




[bookmark: _Toc239686608]Learning episode 7 – graphing functions with calculus
[bookmark: _Toc239686609]Teaching and learning activity
Students extend their graphing skills to include reciprocal, exponential, logarithmic and trigonometric functions. They analyse the behaviour of functions near asymptotes, discontinuities and as , using derivative information and key graphical features to justify accurate graphs.
[bookmark: _Toc239686610]Content
Turning points, inflections and graphing
Graph a function by determining local maxima and minima and points of inflection, horizontal and non-horizontal, considering any even or odd symmetry, the domain, any vertical asymptotes or other discontinuities, and where applicable, the behaviour of a function as 


Table 7 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Graphing functions with calculus
Duration: 1–2 lessons
Learning intention
· To understand how asymptotes, discontinuities and end behaviour influence the shape of functions.
Success criteria
· I can identify important features of functions, including asymptotes, discontinuities, stationary points and end behaviour.
· I can justify the behaviour of a graph near asymptotes and as .
· I can accurately draw the graph of a function.
	· Graphing functions with calculus PowerPoint 
· Appendix A and B, printed (one per student)
	




[bookmark: _Toc239686611]Learning episode 8 – global maximum and minimum
[bookmark: _Toc239686612]Teaching and learning activity
This lesson develops students’ understanding of global maximum and global minimum values of functions. Students explore how global maxima and minima differ from local maxima and minima, and learn that the largest or smallest value of a function depends on the domain being considered. They investigate how endpoints and discontinuities can influence where global maxima and minima occur and build a systematic process for identifying these values.
[bookmark: _Toc239686613]Content
Optimisation
Define a global maximum of a function  to be a point  on the graph where , for all  in the domain, and define a global minimum similarly 
Examine whether any discontinuities or endpoints of the domain on which  is being considered are points of maxima or minima


Table 8 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Global maximum and minimum
Duration: 1 lesson
Learning intention
To be able to determine the global maximum and global minimum values of a function in a domain.
Success criteria
· I can define a global maximum and global minimum of a function.
· I can identify all relevant points to test for global maximum and global minimum.
· I can distinguish between local and global maxima and minima.
	· Global maximum and minimum PowerPoint 
· Appendix A, B, C and D printed (one per student)

	




[bookmark: _Toc239686614]Learning episode 9 – modelling optimisation
[bookmark: _Toc239686615]Teaching and learning activity
Students explore optimisation through a practical modelling activity, using calculus to determine an optimal outcome. They develop a structured approach by defining variables, creating functions, considering domain restrictions, identifying maximum and minimum stationary points and interpreting solutions in context.
[bookmark: _Toc239686616]Content
Optimisation
Model optimisation problems in a variety of contexts by defining variables, noting domain restrictions if necessary, and establishing functions to represent the relationship between variables
Solve optimisation problems by using calculus to find local and global maxima and minima of differentiable functions, checking discontinuities of  and endpoints of the domain if applicable
Formulate conclusions to optimisation problems by evaluating solutions given the constraints of the domain


Table 9 – lesson sequence and details
	Lesson details
	Required resources
	Registration, adjustments and evaluation notes

	Modelling optimisation 
Duration: 2–3 lessons
Learning intention
To be able to solve optimisation problems by using calculus.
Success criteria
· I can define variables within the context of a problem.
· I can create a function to represent the relationship between variables.
· I can identify and justify appropriate domain restrictions based on the context of the problem.
· I can interpret my solution in context and explain whether it represents the optimal outcome.
	· Modelling optimisation PowerPoint 
· Appendix A, C and D, printed (one per student)
· Appendix B, printed (one per group of 3 students)
	


[bookmark: _Toc239686617]References
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